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ABSTRACT. In this work, we introduce some property of the generalized complex valued
metric space and we extend some fixed point results thai is Ciri¢’s fixed point theorem.
Some are recover various complex valued metric space and complex valued b-metric space.
Our results extended and improve some results of Mohamed Jleli and Bessem Samet [17].
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1. INTRODUCTION

The fixed points theorems has been studied by many mathematicians and fixed
Points theorems in metric spaces was introduceed in 1906 [?] by Fréchet. In 1922,
Banach [6], introduced a fixed point theorem in metric space for contraction map-
ping.

In recent years, many researcher proved the fixed points theorem in generaliza-
tions of metric spaces, see example [9, 3, 20] and references therein. The notion
of dislocated metric spaces was introduced in 2000 by Hitzler and Seda [21], see
[1]-[18] and references therein.

Very recently, A. Azam, B. Fisher and M. Khan [2] defined the definition of
notion of complex valued metric spaces and prove the common fixed point theorems
in complex valued metric spaces of a pair of mappings satisfying a contractive
condition.

Recently, Jleli and Samet [13], introduce a new concept of generalized metric
spaces for which we extend some well-known fixed point results including Banach
contraction principle. In 2017, Elkouch and Marhrani [15], proved the existence
results for the Kannan contraction in generalized metric space.
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In this paper, motivate by Elkouch and Marhraniwe [15], present a generalized
complex valued metric space and prove the relationship between this space with
complex valued b-metric space, complex valued dislocated metric space and complex
valued metric space. In the final section, we prove the fixed point theorem for a
mapping T with satisfying the Ciri¢’s k-quasicontraction.

2. PRELIMINARIES

In this section, we give some definitions and lemmas for this work.

Definition 2.1. Let X be a nonempty set. A function d: X x X — [0, 00) is called
a metric if for z,y, z € X the following conditions are satisfied.

(1) d(z,y) = 0 if and only if = = y;

(ii) d(z,y) = d(y, @):

(i4i) d(z,z) < d(x,y) + d(y, 2).
The pair (X, d) is called a metric space, and d is called a metric on X.

In 2000, Hitzler and Seda [21], introduce the notion of dislocated metric space
as follows.
Definition 2.2. [21] Let X be a nonempty set. A function d : X x X — [0, 00)

is called a dislocated metric on X if for x,y,z € X the following conditions are
satisfied.

(Z) d(.’lﬁ,y) =0 = z=y;

(#1) d(z,y) = d(y,z);

(1) d(z,z) < d(x,y) + d(y, 2).
The pair (X, d) is called a dislocated metric space.

It is easy to show that, the metric space X is dislocated metric space.
Next, we suppose the definition of b-metric space, this space is generalized than
metric spaces.

Definition 2.3. [1] Let X be a nonempty set and s > 1 be a given real number. A
function d : X x X — [0, 00) is called a b-metric if for all z,y,z € X the following
conditions are satisfied.

(1) d(z,y) = 0 if and only if z = y;

(if) d(z,y) = d(y, v);

(iid) d(z, 2) < sld(x, y) + d(y, 2)]-
The pair (X,d) is called a b-metric space. The number s > 1 is called the
coefficient of (X, d).

The following is some example for b-metric spaces.

Example 2.4. [1] Let (X, d) be a metric space. The funcion p(z,y) is defined by
p(z,y) = (d(z,y))?. Then (X,p) is a b-metric space with coefficient s = 2. This
can be seen from the nonnegativity property and triangle inequality of metric to
prove the property (iii).

In 2017, Elkouch and Marhrani [15] defined a new class of metric space, let X be
a nonempty set, and D : X x X — [0, +0oo] be a given mapping. For every z € X,
define the set

C(D,X,z) = {{xn} CX: nli_)HéCD(xn,x) = 0}.
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Definition 2.5. ([15]) A mapping D is called a generalized metric if it satisfies the
following conditions
1. For every (x,y) € X x X, we have

D(z,y)=0=z=y.
2. For every (z,y) € X x X, we have
D(z,y) = D(y, ).
3. There exists a real constant C' > 0 such that for all (z,y) € X x X and
{zn} € C(D, X, x), we have
D(z,y) < Climsup D(z,,y).

n—oo

The pair (X, D) is called a generalized metric space.

It is not difficult to observe that metric d in Definition 2.1 satisfies all the con-
ditions (¢) — (447) with C = 1. In 2015 Mohamed Jleli and Bessem Samet [17] prove
that any dislocated metric space is is a generalized metric and any b-metric on X
is a generalized metric on X.

In this work we will study the generalized metric space in a complex form. Let
C be the set of complex numbers and zq, 2, € C. Define a partial order relation
=< on C as follows:

z1 =X 2o if and only if Re(z1) < Re(z2) and Im(z1) < Im(z2).

Thus 21 =< 25 if one of the followings holds:
(1) Re(z1) = Re(z2) and Im(z1) = Im(22).
) Re(z1) < Re(z2) and Im(z1) = Im(zq).
) Re(z1) = Re(z2) and Im(z1) < Im(zq).
) Re(z1) < Re(z2) and Im(z1) < Im(zq).
We write 21 <X 29 if 21 X 29 and 21 # 29 i.e. one of (2),(3) and (4) is satisfied
and we will write z1 < 2o only (4) is satisfied.

2
(3
(4

Remark 2.6. We can easily to check the following:
(i) fa,b e R,0<a<band 21 <X 25 then az; = bzy,Vz1,20 € C.
(Z’L) 0=z X2 = ‘Z1| < |22|
(#i1) 21 = 29 and 29 < 23 = 21 < 2z3.
Azam et al. [2] defined the complex valued metric space in the following way:

Lemma 2.7. For any z € C with 0 < z then there exists r € C with 0 < r such
that z = r|z|.

Proof Let z € C with 0 < 2. Put r = &) 4 192 o 0. Tt implied that
z = Re(z)+ Im(z)i
I
_ Re(z) 2 m(z)l el
2| 2|
R 1
() , Imf) ] |
K K
= 7|7

This complete the proof.

[2] Let X be a nonempty set. Suppose that the mapping d : X x X — C satisfies
the following conditions:

(C1) 0 X d(z,y), for all z,y € X, and d(z,y) = 0 if and only if x = y;
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(C2) d(z,y) = d(y,z) for all z,y € X
(C3) d(x,y) = d(z,2z) + d(z,y), for all z,y € X.
Then d is called a complex valued metric on X and (X, d) is called a complex
valued metric space.

Definition 2.8. Let X be a nonempty set. A function d: X x X — C is called a
complex valued dislocated metric on X if for x,y,z € X the following conditions
are satisfied.

(1) d(z,y) =0 = z=y;

(ii) d(z, ) = d(y, @);

(iii) d(z, 2) < d(z,y) + d(y, 2).
The pair (X ,d) is called a complex valued dislocated metric space.

Definition 2.9. [23] Let X be a nonempty set and let s > 1 be a given real
number. A function d : X x X — C is called a complex valued b-metric on X if,
for all z,y, z € C, the following conditions are satisfied:

(1) 0 < d(z,y)

(1) d(x,y) = 0 if and only if z =y,

(111) d(z,y) = d(y, z),

(iv) d(z,z) = s[d(z,y) + d(y, 2)].

The pair (X, d) is called a complex valued b-metric space. We see that if s =1
then (X, d) is complex valued metric space which is defined in Definition ??. The
following example is some example of complex valued b-metric space.

Example 2.10. [23] Let X = C. Define the mapping d: C x C — C by d(z,y) =
|z — y|* +i|z — y|? for all z,y € X. Then (C,d) is complex valued b-metriic space
with s = 2.

In this work, we consider a nonempty set X, and D : X x X — C be a given
mapping. For every x € X, we define the set

(D, X,z) = {{xn} C X : lim [D(xy, )| = o}.

Definition 2.11. Let X be a nonempty set, a mapping D : X x X — C is called
a generalized complex value metric if it satisfies the following condition
1. For every z,y € X, we have

0 = D(z,y).
2. For every z,y € X, we have
D(z,y) =0=>z=y.

3. For all z,y € X, we have
D(z,y) = D(y, z).
4. There exists a complex constant 0 < r such that for all z,y € X and {z,} €
C(D, X, z), we have
D(z,y) = rlimsup |D(z,,y)|-

n—oo

Then a pair (X, D) is called a generalized complex valued metric space.

Definition 2.12. [15] Let (X, D) be a generalized complex valued metric space,
let {z,,} be a sequence in X, and let z € X. We say that {z,} is converge to z in
X, if {z,} € C(D, X,x). We denote by lim,,_, z, = .
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Example 2.13. [12] Let X = [0,1] and let D : X x X — C be the mapping define
by for any z,y € X

D(z,y) = (z+y)i;x #0and y #0
D(z,0) = D(0,z) = i

Proof Let z,y € X, we have x > 0 and y > 0, thus z + y > 0.
If D(z,y)=(x+y)i=0+ (x +y)i = 0+ 0i =0.
If D(z,0)=35i=0+3i>=0+0i=0.
Hence D(x,y) = 0.

If D(x,y) =0, then (z +y)i = 0. Hence, z =0 =y.

Ifz #0and y #0,D(x,y) = (z+y)i = (y+)i = D(y,z) and D(z,0) = D(0,x).

Let {z,} = {@} C X, we see that limsup,, , . |D(xn,z)| = 0 and put r = i,
then we have

-1
D(0,y) = Y5 and limsup |D(zy,y)| = limsup (u +y)P=z+y.
2 n—00 n—00 n
Hence, D(0,y) = 4i = ( + )i, and we see that
: . . (n—1)x
D(z,y) = (z +y)i and limsup |D(z,,y)| =limsupy/ (———— +y)2 =z +y.
n—oQ n—oo n
Hence, D(z,y) = (x + y)i < rlimsup,,_, o |D(@n, y)|
Definition 2.14. [15] Let (X, D) be a generalized complex valued metric space.

Then a sequence {z,, } in X is said to Cauchy sequence in X, if lim,, o0 |D(Zy, Tppm)| =
0.

Definition 2.15. [15] Let (X, D) be a generalized complex valued metric space. If
every Cauchy sequence is convergent in X then (X, D) is called a complete complex
valued metric space.

Definition 2.16. [19] The max function for complex numbers with partial order
relation < is defined as

(1) max{z1, 22} = 20 = 21 <X 29;

(#9) 21 < max{z1,22} = 21 < 29 or 21 < 23.
On the similar lines Singh et al. [22] defined min function as

(7)) min{z1, 20} = 21 = 21 =< 29;

(#4) min{z1, 22} =< 23 = 21 = 23 or 23 = z3. Now we introduce the best proximity
point and some related concept in complex valued rectangular metric space.

3. SOME PROPERTY ON GENERALIZED COMPLEX VALUED METRIC SPACE

In this section we prove some propositions for use in the main theorem and
prove some fixed point theorem in generalized complex valued metric space.

Proposition 3.1. Let (X,D) be a generalized complex valued metric space. Let
{zn} be a sequence in X and (x,y) € X x X. If {x,} converges to x and {z,}
converges to y, then x = y.

Proof Suppose that {z,} converges to x and {z,} converges to y, by Definition
2.12 we have

|D(zp,x)] =0, |D(zn,y)] = 0, as n — oo.
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Using the property (4) in Definition 2.11, we have there exists a complex constant
0 < r such that for all z,y € X and since {z,,} € C(D, X, x) such that

D(z,y) < rlimsup |D(z,,y)|-
n— 00

Hence, D(z,y) = 0. Using property (2) in Definition 2.11, we have z = y.

Proposition 3.2. Any complex valued b-metric space is a generalized complex
valued metric space on X.

Proof Let {z,} € C(d, X, z). From the Definition 2.9(iv), we have
d(z,y) = sld(z, zn) + d(zn, y)].

It follows that, from Lemma 2.7, we have there exists ri,ry € C with 0 < r{,79
such that

d(x,x,) = ri|d(z,z,)]
d(zn,y) = rald(zn,y)l-
Then
d(z,y) =2 slrild(z, zp)| + rofd(zn, y)|].
From {z,} € C(d, X, ), we have

d(z,y) =X srolimsup |d(z,, y)]]-

n—oo

Since, 0 < 5 and 0 < s then » = sry > 0 such that

d(z,y) < rlimsup |[d(x,, y)|].
n—oo
Hence (X, d) is a generalized complex valued metric space.
It is not difficult to observe that the complex valued metric d satisfies (1-4)
of Definition 2.11 and any complex valued dislocated metric space is generalized
complex valued metric space.

4. CIRI¢’S QUASICONTRACTION IN GENERALIZED COMPLEX VALUED METRIC

SPACE
In 1974, Ciri¢’s [1 1] introduced a class of self-maps on a metric space (X, d)
which satisfy the following condition:
d(Sz, Sy) % qmax {d(x,y), d(z, Sx),d(y, Sy), d(x, Sy),d(y, Sz)} , (4.1)

for every x,y € X and 0 < g < 1. The maps satisfying Condition 4.1 are said to be
quasicontractions.

In this section we extend Ciri¢’s fixed point theorem for quasicontraction is
a self-maps on generalized complex valued metric space (X, D) defined by:

D(Tw, Ty) =< kmax {D(x,y), D(z,Tx), D(y, Ty), D(z, Ty), D(y, Tx)},
for every z,y € X and k € (0,1). We say that T is a k-quasicontraction

Proposition 4.1. Suppose that T : X — X is a k-quasicontraction for some
k € (0,1). Then any fized point p € X of T satisfies

|D(p,p)| < 0o = D(p,p) = 0.
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Proof Let p € X be a fixed point of T such that |D(p,p)| < oo. Since T is a

k-quasicontraction for some k € (0, 1), we have

D(p,p) = D(Tp,Tp) = kmax{D(p,p), D(p,Tp),D(p,Tp),D(p,Tp), D(p,Tp)}
= kD(p,p).

From Remark 2.6(ii), we have

|D(p,p)| < k|D(p,p)|.

Since k € (0,1), we get D(p,p) = 0. This proof is complete.
Next, we suppose that, for every x € X
§(D,T,z) =sup {|D(T"x, T7z)| : i,j € N}.
From Proposition 4.1 we have the following result.

Theorem 4.2. Let (X, D) be a complete generalized complex valued metric space,
and let T : X — X is a k-quasicontraction for some k € (O,inf{l,ﬁ}) and
there exists element xog € X such that 6(D, T, xg) < co. Then the sequence {T"xo}
converges to some p € X.

If D(xg,Tp) < oo and D(p,Tp) < oo, then p is a fized point of T. Moreover,
If p is a fized point of T in X such that |D(p,p,)| < o0 and |D(p/,p')\ < oo then
pP=D-

Proof Let n € N, for all ¢,j € N, we have
D(T" " ag, T Hag) = D(T(T™ T ag), T(T™H " ay)).
By Definition of quasicontraction, we have _ ‘ ‘
D(Tn+zflx0, TnJrjfl:L.O), D(Tn+2711.0’ Tn+2$0),
D(TnJril‘o, TnJrj[E()) < kmax D(Tn+j71.’£0, TnJrij)’ D(Tn+j71.’£0, TnJriZL'()),
D(Tn-H_l.’L'(), Tn+j$0)
Then we have
§(D,T,T"xq) < k§(D, T, T" ().

Hence, for any n > 1, we have

0(D, T, T"xo) < k"6(D, T, xg). (4.2)
By (4.2) we see that for any m,n € N
|D(Tn£17()7 Tn+m$0)| < (S(D, T, Tn.’lﬁ()) < k‘n(S(D, T, 370). (43)

Since 6(D, T, z0) < co and k € (0,1), it follows that
lim [D(T"zo, T"" " x0)| = 0.
n—roo
Hence {T"x} is a Cauchy sequence. Since (X, D) is complete, there exists a element

p € X such that {T™xz¢} convergent to p.
Suppose that D(xz,Tp) < oo and D(p,Tp) < co. Then for any m,n € N

‘D(Tnl‘07Tn+ml‘0)| < I{iné(D,T, .1'0). (44)
From (4.3) and the property (4) in Definition 2.11, there exists 0 < v such that
D(p7 Tn'ro) <rlim sup |D(Tn1‘0, Tn+mx0)| < ’}/kné‘(D7 T7 xO)v (45)
m—0o0

for all n € N. Consider,
D(Tzy, Tp) <X kmax {D(xq,p), D(xo, Txo), D(p, Tp), D(Txg,p), D(xo, Tp)}. (4.6)
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From (4.4), (4.5) and (4.6), we get
D(T$07Tp) = kmaX{D(xo,p),D(xo,TmO),D(p,Tp),Tk5(D,T,x0),D(a:0,Tp)}
= kM, (4.7)

where M, = maX{D(l‘o,p),D(l‘o,T.To),D(p, Tp),Tk(S(D,T, xO)vD(IOan)} < 0.
Using the above inequality (4.3), (4.5), (4.7) and Lemma 2.7, we have complex
number 0 < ¢ such that

D(T?xq, Tp) k max {D(Txo,p), D(Txo,T?x0), D(p, Tp), D(TQxO,p),D(TxO,Tp)}
max {’ka(S(D, T, x0), c1k?|D(Txo, T?x0)|, kD(p, Tp),vk*6(D, T, x0), kQMl}
max {’yk;Q(S(D, T, x0),c1k*8(D, T, o), kD(p, Tp),vk*6(D, T, x0), kQMl}
max{k? My, kD(p, Tp)},
where Ms = max{yd(D, T, x0),c16(D,T,x0), M1} < oo. Since, k < 1 it follows that

kD(T?xy, Tp) < D(T?z¢, Tp) < max{k*M,,kD(p,Tp)}. (4.8)

PP PN

Again, using the above inequality (4.3), (4.5), (4.7), (4.8) and Lemma 2.7, we have
complex number 0 < ¢y such that

D(T3x9,Tp) = k:max{D(szo,p),D(T2a:0,T3x0),D(p,Tp),D(TQxO,Tp),

D(p, Tr0) }
=< max {yk*6(D, T, o), c2k*|D(T*wo, T*x0)| kD(p, Tp),
k‘D(TQ.’EQ, Tp)? ,Ykga(Dv T7 $0)}

j max{k?’Mg,kD(Pa Tp)}u

where M3 = max{yd(D,T,xg),c20(D,T,x0), M2} < oo. Continuing this process,
by induction above inequality and Lemma 2.7, we have

D(T"xo,Tp) 2{k"M,kD(p,Tp)}, (4.9)

for every n > 1 and M = max{My, Ma, ..., M,} < oo. Since D(zg,Tp) < oo and
D(p,Tp) < 0o, we have

limsup |D(T"zo, Tp)| < k|D(p, Tp)|. (4.10)
n—oo
By Definition 2.11 (4), there exists 0 < r such that
D(Tp,p) =< rlimsup |D(Tp, T"xo)|. (4.11)
n—oo

By remark 2.6 (i¢) and (4.10), we have
|D(T'p,p)| < |r|limsup |D(Tp, T"xo)| < |r|k|D(p, Tp)|. (4.12)
n— oo

Since |r|k < 1, we have |D(Tp,p)| = 0 thus D(T'p,p) = 0 it follows that p is a fixed
point of T, and then

D(p,p) = D(Tp,p) = 0. (4.13)
If p’ is any fixed point of 7" such that |D(p,p)| < oo and |D(p’,p)| < co. From
Proposition 4.1 we have D(p,p ) = 0 and then

D(p,p) D(Tp,Tp)
=< kmax {D(p,p/), D(p,Tp),D(p', Tp ), D(Tp,p), D(p, Tp')}
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IA

knmx{DO%ﬁ%Ian%Dﬁﬂp%andeanﬁ}
kD(p,p).

By remark 2.6 (i), we have
|D(p,p )| < kID(p,p')

Since k < 1, we have \D(p,p')| = 0 thus D(p,p') = 0. Hence p = p'. This proof is
complete.

PN
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