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Abstract

In this paper we prove a strong convergence theorem for k—strictly pseudo A\—hybrid map-
pings and equilibrium problem in Hilbert spaces by using an idea of mean convergence. The
main result of this paper extend the results obtained by Osilike and Isiogugu (Nonlinear Analysis

74 (2011) 1814-1822) and Kurokawa and Takahashi (Nonlinear Analysis 73 (2010) 1562-1568).
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1 Introduction

Let H be a real Hilbert space. A mapping 7' : D(T') C H — H is said to be L— Lipschitzian
if there exists L > 0 such that

[Tz —Ty|| < Lllz — y|, Va,y € D(T). (1.1)

If L <1in (LI), T is said to be strictly contractive, T is said to be quasi — nonexpansive if
F(T)={r e D(T): Tz =z} # 0 and | Tz — p| < ||z — p| for al z in D(T) and for all p in F(T).

Furthermore, 7' is said to be firmly nonexpansive if
1Tz~ Ty|* < (& —y, Tz~ Ty), Va,y € D(T).

Every nonexpansive mapping with a nonempty fixed point set F'(T") is quasi-nonexpansive, and

firmly nonexpansive mappings are important examples of nonexpansive mappings.*
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In 2010, Kohsaka and Takahashi ([12],[13]) introduced an important class of mappings which
they called the class of nonspreading mappings. Let E be a real smooth, strictly convex and
reflexive Banach space, and let j denote the duality mapping of E. Let C' be a nonempty closes

convex subset of E. They called a mapping T : C' — C nonspreading if

¢(Tx, Ty) + ¢(Ty, Tx) < ¢(Tz,y) + ¢(Ty, )

for all x,y € O, where ¢(x,y) = ||z||*> — 2(x,j(y)) + ||ly||?>, Vz,y € E. They considered the class of
nonspreading mappings to study the resolvents of a maximal monotone operators in the Banach
space. This class of mappings is deduced from the class of firmly nonexpansive mappings. Observe

that if E' is a real Hilbert space, then j is the identity and
¢(x,y) = l|zl* - 2(z,y) + [l = l|lz — y|*.
If C' is a nonempty closed convex subset of a Hilbert space, then T : C — C' is nonspreading if
2Tz — Ty|* < | Tz - y|* + |Ty — 2|, Va,yeC. (1.2)
It is shown in ([11]) that (1.2) is equaivalent to
Tz — Ty|? < ||« — y||> + 2(x — Tz,y — Ty), Va,yeC. (1.3)

Observe that if T is nonspreading and F(T') # ), then T is quasi-nonexpansive.

A mapping T : C — H is called hybrid if
3|z — Ty||? < |lo —yl* + | Tz —y|* + || Ty — |

for all z,y € C.

In 2010, Osilike and Isiogugu ([16]) introduced a new mapping of nonspreading-type as
follows. A mapping T': D(T) C H — H is said to be is k-strictly pseudononspreading if there
exists k € [0,1) such that

1Tz — Tyl < |z = yl* + klla = Tz — (y = Ty)||* + 2(x — T,y — Ty).
Let § € [k,1) and T = BI + (1 — B)T. Then F(T) = F(1p).
Clearly every nonspreading mapping is k-strictly psedononspreading. For example shows that

the class of k-strictly pseudononspreading mapping is more general than the class of nonspreading

mappings (see example([16])).”
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Observe that if T' is k-strictly pseudononspreading and F(T') # (), then for all x € D(T) and
for all p € F(T') we have
1Tz —p||* < ||z = pl* + kl|z — Tx||*. (1.4)

Thus every k-strictly pseudononspreading map with a nonempty fixed point set F'(T') is demicontractive

(see example([7], [15]).

In 2010, Kohsaka and Takahashi ([12]) introduced a new class of mappings which is more
general than a class of hybrid mappings. A mapping T : C' — H is generalized hybrid if there are
«, B € R such that

al|Tz — Ty|* + (1 — a)llz = Ty|* < Bl|Tz -yl + 1 - B)llz — ylI*,
for all z,y € C.

Recently, S. Suantai defined a mapping 7' : C' — C' is said to be k—strictlypseudo A—hybrid,
if there exist k£ € [0,1) and A > 0 such that

[Tz — Ty|? < ||z — y|® + 2X\(z — Tz,y — Ty) + k| (z — Tx) — (y — Ty)||? (1.5)

(i) If k =0 and A = 3, then T is hybrid.
(ii) If k =0 and A = 1, then T is nonspreading.
(iii) If A =1, then T is k— strictly pseudononspreading.

(iv) If A =0, then T is k— strict pseudo-contractive.

Let FF: C x C — R be a bifunction. The equilibrium problem for F' is to determine its

equilibrium points, i.e. the set
EP(F)={xe€C: F(x,y) >0, Vy € C}. (1.6)
The set of generalized equilibrium problem is denoted by EP i.e.,
EP={z€C:F(z,y)+ (Az,y—2) >0, YyeC}

Let C' be a nonempty closed convex subset of H. Let F' be a bifunction from C' x C' to R satisfying
(Al) F(zz).=0. ¥z € C;
(A2) F is monotone, i.e. F(x,y)+ F(y,z) <0 Vz,y € C;?
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(A3) Vx,y,z € C,
lim, o+ F(tz+ (1 —t)x,y) < F(x,y);
(A4) Vo € C,y — F(x,y) is convex and lower semicontinuous; In this paper, using an
idea of mean convergence, we prove a strong convergence theorem for k—strictly pseudo A—hybrid

mappings in a Hilbert space.

2 Preliminaries

Let E be real Banach space. A mapping T' with domain D(T") and range R(T) in E' is said
to be demiclased at a point p € D(T') (see example[6]) if whenever {x,}°° ;| is a sequence in D(T')

which converges weakly to a point € D(T') and {T'x,}52 ; converges strongly to p, then Tz = p.

Lemma 2.1. ([16]) Let H be a real Hilbert space. Then the following well known results hold:
(@) [ltz + (1 = )y )1? = tll2[* + (L = Dlly]|* - t(1 = )]z — ylI?,

for all z,y € H and for all ¢ € [0, 1].
(2) llz+yl? < ll2l® + 2{y,  +y) for all 2,y € H.

(3) If {x,}5°; is a sequence in H which converges weakly to z € H then

lim sup |2, — yl|? = limsup [z, — 2|2 + |z — yl|? Vy € H.
n——-m~e_o

n—~ao0

Let C' be nonempty closed convex subset of a real Hilbert space H. The nearest point
projection Po : H — C' defined from H onto C' is the function which assigns to each x € H its

nearest point denoted by Pox in C'. Thus Pgx is the unique point in C such that
|z — Pox|| < [lz —yl| vy e C.
It is known that for each z € H
(x — Pox,y — Pox) <0 VyeC.

Lemma 2.2. ([20]) Let C' be nonempty closed convex subset of a real Hilbert space H. Let
Pc : H — C be the metric projection of H onto C. Let {z,}72; be sequence in C and let

|znt1 — ul| < ||z — ul| for all w in C. Then {Pcx,}2; converges strongly.
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Lemma 2.3. ([5]) Let C be a nonempty closed convex subset of a Hilbert space H and F' : CxC —
R satisfy (A1) — (A4). For r > 0 and = € H, define a mapping T, : H — C as follows:

1
TT(x):{ZGC’:F(z,y)—F;(y—z,z—@ >0, Vy € C} forall x € H. (2.1)

Then the following hold:

(1) T) is is single-valued;

(2) T, is firmly nonexpansive, i.e., for all z,y € H,
1Ty () = T (9) |2 < (To() — To(), 2 — )

(3) F(T,) = EP(F);

(4) EP(F) is closed and convex.

Lemma 2.4. ([1],[21]) Let {a,}32; be a sequence of non-negative real numbers satisfying the
condition

g1 < (1 — an)an + oy, n>1,

where {a,,}7°; and {f,}°2, are real sequence such that
(i) {3, € [0,1] and 352, ay = oo,
(i) Timsup,, o0 B < 0.

Then lim,,_ .5 a, = 0.

3 Main Results

Theorem 3.1. Let C' be a nonempty closed convex subset of of a real Hilbert space H. Let
T : C — C be a k-strictly pseudo A\-hybrid mapping with a nonempty fixed point set F'(T"). Let
B € |k,1) and let T := BI + (1 — B)T. Let {a,}22; C [0,1) satisfying the conditions:

o0
lim o, =0 and Zan = 00.

n—so00
n=1

Let v € C and let {x,}5°; and {z,}5°; be sequences in C' generated from an arbitrary z; € C by
Tyl = apu+ (1 —ap)zn, n>1,
(3.1)
_l n—1mk
Zn =% ko T5xn, n>1,
“'Then {x,}°°; and {z,}°°; converges strongly to Pp(ryu, where Pppy : H — F(T) is the metric

projection of H onto F(T).
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Proof. Let Tgx := x4 (1 — 3)Tx. Then for all z,y € C we have

I Tsz — Tayl|* = |8z + (1 - B)Tz — By — (1 - B)Ty|
= |8z —y)+ (1 - B)(Tz - Ty)|?
= Bllz —yl>+ (1 = BTz - Ty|* = B(1 = B)|lx — Tz — (y — Ty)|?
< Ble—yl®> =B =Bz — Tz — (y — Ty)|
+(1 = B)[llz = yI? +kllz — Tz — (y — Ty)|* + 2\ (z — Tz,y — Ty)]
= |lz—9l* - 80 -B)llz - Tz — (y — Ty)|?
+h(1 = B)|lx — Tz — (y — Ty)|I> + 2A(1 = B)(z — Tz, y — Ty)
= llz—yllP -1 -8B -Klz—Tz—(y —Ty)|I?
+2X(1 = B){x — Tx,y — Ty)

<z —yl® + 201 - B){z — Tz,y — Ty)
w=Tax Hraiil

2
= |z- 2A(1 —
o = ylP +20(1 - B2, LY,
— o= ylP + (o — Tam,y = Tav). (3:2)
(1-5) ’
It follows from (3.2) that Tj3 is quasi-nonexpansive. Let p € F(T'). We have
1 n—1
l2n —pll = ||E ZTgwn =l
k=0
1 n—1 1 n—1
< =D ITswn —pll < = llan = plll < llzn — p. (3.3)
k=0 k=0
Thus
[#n41 —pl = llanu+ (1= an)zn —p||

= ”anu + (1 - an)zn —app + anp — p”

IN

anllu = pll + (1 = an)|zn — p

< anllu=pll+ (1= an)llzn = pl. (3.4)
By (3.4) and induction, we can conclude that for all n € N,

[2n — pll < max{|ju —pl|, [[x1 — pl[}-

% Thus {z,} and {2,} are bounded. Since |T52n — pll < |lzn — pll, we have that {TFz,} is also

bounded. Observe that since {z,} is bounded and lim,_, a;, = 0, then
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[2nt1 =zl = Nlanu + (1 = an)zn = pl|

= apllu—z,]| — 0 as n — 0. (3.5)
We may assume without loss of generality that exists a subsequence {zy;} of {x,} such that

lim sup(u — Py, Tn — Ppiryu) = lim (u — Preryu, o0, — Preryu),

n—->00 ]—0Q

and z,, — w as j — oo. Since |[zp11 — 2n|| — 0 as n — oo, it follows that 2,, — w as
j — o0. Next, we will show that w € F(T). Using (3.2) we obtain for all £ =0,1,2,...,n— 1 and

for arbitrary y € C

T+ e — Tyl | T5(Txn) — Toyl?

< T = ol + 5 (Thon = T5 2,y — )
= || Tzn — Tay + Ty — ylI” + 12_A6<T§fvn — T,y — Tpy)
= | T§zn — Tpyll® + Ty — yl* + 2(T5zn — Tay, Ty — v)
12_)\5<T§xn = [’;Hxn, y—T5y). (3.6)

Summing (3.0) from & = 0 to n — 1 and dividing by n we obtain
Ln 2 1 2 2
T5en = Tayll® < —llen = Tyll” + 1 Tsy — ylI” + 2(zn — Ty, Tpy — y)

2
m(azn = Tﬁnl‘n, y—Tgy). (3.7)

Since {z,} is bounded, then there exists a subsequence {z,,} of {2,} which converges weakly to

w € C. Replacing n by n; in (3.7) we obtain

1 1
Tz = Toyl® < —llwn = Toyll* + | Tay = yl* + 2(z0 — Toy, Toy — v)
J J

2\
nj(1—p)
Since {z,} and {Tjx,} are bounded, letting j — oo in (3.8) yields

(zn — Than,y — Tpy). (3.8)

0 < [Ty —yl* +2(w — Ty, Tpy — y)- (3.9)
Since y € C' was arbitrary, if we set y = w in (3.9) we obtain

0 < |[ITpw —w|* - 2[|Tpw — wl]?,
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from which it follows that w € F(T) = F(T). Since Pp(py : H — F(T') is the metric

projection we have

lim (’LL — PF(T)’LL, Qj‘nj i PF(T)’LL> = <U . PF(T)ua w — PF(T)U> < 0.

Jj—00

Using Lemma 2.1(ii) and (3.3) we have

Tt — PF(T)UH2 = |lanu+ (1 —an)zn — PF(T)uH2
= |lemu — anPpryu + (1 — om)zn — Preryu + om Pr(ryul|?

= |lonu — anPpryu+ (1 — an)zn — (1 - an)PF(T)u||2

llom (u — Pperyu) + (1 = an)(2n — Prryu) |1

IN

(1= an)?llzn — Preryull® + 20m (u — Pr(ryt, Tni1 — Prryu)

IN

W = PF(T)UH2 + 20, (u — Pp(ryt, Tny1 — Ppiryu).

(3.10)

Since ay, — 0, > | o, = oo and limsup,, (v — Pp(p)u, Tnt1 — Prepyu) < 0, it follows from

Lemma 2.3 that lim, . [|zn — Ppryul| = 0.
0 < [lzn — Preryull < ll2n — @ptall + |2n+1 — Preryull — 0 as n — oo.

Hence lim,, o ||2n — Pr¢ryul| = 0.

O]

Theorem 3.2. Let C' be a nonempty closed convex subset of of a real Hilbert space H. Let
T : C — C be a k-strictly pseudo A\-hybrid mapping with a nonempty fixed point set F(T'). Let
B € |k,1) and let Tg := BI + (1 — B)T. Let {a, }32; C [0,1) satisfying the conditions:

0o
lim o, =0 and Zan = 00.

n—so00
n=1

Let u € C and let {z,}5°; and {z,}5°2; be sequences in C' generated from an arbitrary xz; € C by
Tnt1 = o+ (1 — ayn)Tpxy,, n > 1. (3.11)

Then {z,}°2, converges strongly to a fixed point p of T
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Proof. 1t is clear that F/(T3) = F(T) # (). As in the proof of Theorem 3.1/ we have

1 Tsz = Tayl* = Blz—yl* + (1 =BTz - Ty|* = (1 = B)llz — Tz — (y — Ty)||?
< Bllz —ylI? = BA = B)llz - Tz - (y - Ty)|?
+(1=B) [l — yl? + kllz — Tz — (y — Ty)|* + 2X\(z — T,y — Ty)]
= (lz—9l* - 80 -B)lz - Tz - (y - Tyl
+h(1 = B)llz = Tz — (y — Ty)|I” + 2M(1 = B)(z — T,y — Ty)
= llz—yllP =1 -8B —klz—Tz—(y —Ty)|?

=
+2X(1 = B){z — Tx,y — Ty)
(B E)
(=05
lz —yl* = (8 — k)|lz — Taz — (y — Tpy)|?

+(12_)\m<x — Tz, y — Tgy). (3.12)

= |z —yl*- I*

|z = Tpzx — (y — Tpy)

IA

Thus for all z € C and for all p € F(T') = F(13) we have
1Tz — plI* < |l = pl* — (8 — k)lla — Tpz|*.

This implies that Tg is a quasi— firmly type nonexpansive mapping (see for example [17]). Hence
it follows from [17] (see Theorem 3.1 and Remark 1 of [17]) that {z,}32, convergences strongly to

a point p € F(T) = F(1p). O

By Definition of k— strictly pseudo A— hybrid Mapping, if £k = 0 and A = 1, then T is

nonspreading. It follows that we have some corollary.

Corollary 3.1. ([9]) Let C' be a nonempty closed convex subset of of a real Hilbert space. Let
T : C — C be a nonspreading mapping with a nonempty fixed point set F'(T"). Let § € (0,1) and
let Tg := 1+ (1 — B)T. Let {o, }02; C [0,1) satisfying the conditions:

D
lim o, =0 and g oy, = 0.
n—-moe_o 1

n=

Let v € C and let {x,}5°; and {z,}5°; be sequences in C' generated from an arbitrary z; € C by
Tnt1 = o+ (1 — an) Ty, n > 1. (3.13)

Then {z,}5°; converges strongly to a fixed point p of T'.”
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If A=1, then T is k— strictly pseudononspreading.

Corollary 3.2. ([16]) Let C' be a nonempty closed convex subset of of a real Hilbert space. Let
T : C — C be a k-strictly pseudononspreading mapping with a nonempty fixed point set F(T).
Let € [k,1) and let T := 81 + (1 — B)T. Let {a,}52, C [0, 1) satisfying the conditions:

o
lim a, =0 and g o ="ca)
n—-ao 1

n=

Let v € C and let {x,}52; and {z,}°°; be sequences in C' generated from an arbitrary z; € C by
NNl O (T —o, (3.14)
Then {x,}°2, converges strongly to a fixed point p of T'.
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