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Abstract 
 

The concept of fuzzy 𝛼𝛼-ideals in ordered semigroups is introduced as a generalized 

concept of several fuzzy ideals. Based on the reduction relations of full words, we provide the 

interconnection of among various 𝛼𝛼-ideals in ordered semigroups. Moreover, a description of 

fuzzy 𝛼𝛼-ideals in ordered semigroups is provided through an associative binary operation 

defined on the set of all fuzzy sets. 
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1. Introduction 

The concept of ordered 

semigroups forms an associative structure 

that has been extensively studied in recent 

years. A fundamental tool used in the 

investigation of ordered semigroups is the 

concept of ideals, of which several types 

have been introduced to explore structural 

properties. 

One significant generalization of ideals in 

ordered semigroups is the concept of 𝛼𝛼-

ideals, first introduced by Towwun and 

Changphas in 2013. They provided a 

comprehensive description of the 

fundamental properties of 𝛼𝛼-ideals in this 

context (see [1]). Subsequently, in 2022, 

Tiprachot et al. characterized various 

regularity conditions in ordered semigroups 

using the framework of 𝛼𝛼-ideals. In the same 

study, the interconnections among 𝛼𝛼-ideals 

were also examined (see [2]). In 2025, 

Lekkoksung generalized 𝛼𝛼-ideals to the 

notion of partition ideal elements. This 
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notion can illustrate the complexity of the 

connections of several 𝛼𝛼-ideals (see [3]). 

The concept of fuzzy sets was originally 

introduced by Zadeh in 1965 as a 

generalization of classical (crisp) sets. While 

membership in crisp sets is binary (0 or 1), 

fuzzy sets allow degrees of membership 

ranging between 0 and 1. This framework has 

been widely applied in mathematics to 

generalize various algebraic structures.                   

In particular, fuzzy ideals in ordered 

semigroups have been studied extensively 

(see [4]). 

In this paper, we introduce the concept 

of fuzzy 𝛼𝛼-ideals in ordered semigroups, as a 

unification and generalization of several 

existing types of fuzzy ideals. We also 

investigate the interrelationships among 

fuzzy 𝛼𝛼-ideals using the reduction relation on 

full words as a central tool. We also 

characterize fuzzy 𝛼𝛼-ideals in ordered 

semigroups through a particular associative 

binary operation. 

2. Preliminaries 

In this section, we review the notions of 

full words, including the reduction relations 

of full words, and ordered semigroups. Some 

fundamental properties of these concepts 

are also provided. For more details, the 

readers can find all the terminologies 

needed in this paper in [1-3, 5-10]. 

Throughout this paper, we denote the set of 

all natural numbers by ℕ, that is, ℕ ≔

{1,2,3,…}. Moreover, for any 𝑛𝑛 ∈ ℕ, the set 

{1,2,3,… , 𝑛𝑛} is denoted by [𝑛𝑛]. 

For any set 𝑋𝑋, we let 𝑋𝑋∗ the free 

monoid over 𝑋𝑋. The neutral element of 𝑋𝑋∗ 

is called the empty word and is denoted by 

𝜀𝜀. The free semigroup over 𝑋𝑋 is denoted by 

𝑋𝑋+, that is, 𝑋𝑋+ = 𝑋𝑋∗ ∖ {𝜀𝜀}. The length of 

any 𝛼𝛼 ∈ 𝑋𝑋∗ is denoted by |𝛼𝛼|, where |𝛼𝛼| = 0 

if 𝛼𝛼 = 𝜀𝜀. The free semigroup over {0,1} is 

denoted by B. We define F ≔ {0,1}∗ ∖

({0}∗ ∪ {1}∗) to be the set of all full words. 

Let 𝐶𝐶 = {0,1} ∪ {𝜀𝜀}. We define a totally 

order ≤𝐶𝐶  to be the set containing all identity 

relations on 𝐶𝐶 including (𝜀𝜀, 0), (𝜀𝜀, 1) and 

(0,1). Then, we obtain a totally ordered set 

𝐂𝐂 ≔ ⟨𝐶𝐶;≤𝐶𝐶⟩. 

For any 𝛼𝛼 ∈ 𝐵𝐵, and 𝑛𝑛 ∈ ℕ with 𝑛𝑛 ≥ |𝛼𝛼|, 

an 𝑛𝑛-tuple (𝛼𝛼1,… , 𝛼𝛼𝑛𝑛) over 𝐶𝐶 is called a 

canonical tuple of 𝛼𝛼 with length 𝑛𝑛 if 𝛼𝛼 =

𝛼𝛼1 ⋯𝛼𝛼𝑛𝑛, 𝛼𝛼1 ≠ 𝜀𝜀, and, if 𝛼𝛼𝑖𝑖 ≠ 𝜀𝜀, then 𝛼𝛼𝑖𝑖−1 ≠ 1 

for all 1 < 𝑖𝑖 ≤ 𝑛𝑛. The set of all canonical 

tuple of 𝛼𝛼 with length 𝑛𝑛 is denoted by 

C𝑛𝑛(𝛼𝛼). 

Let 𝛼𝛼, 𝛽𝛽 ∈ B and 𝑛𝑛 ≥ max(|𝛼𝛼|, |𝛽𝛽|). 

Suppose that 𝒖𝒖 = (𝑢𝑢1,… , 𝑢𝑢𝑛𝑛) and 𝒗𝒗 =

(𝑣𝑣1,… , 𝑣𝑣𝑛𝑛) be a canonical tuple of 𝛼𝛼 and 𝛽𝛽 

with length 𝑛𝑛, respectively. We say that 𝒖𝒖 is a 

reduction of 𝒗𝒗, denoted by 𝒖𝒖 ≤ 𝒗𝒗 if 𝑢𝑢𝑖𝑖 ≤𝐶𝐶 𝑣𝑣𝑖𝑖 

for all 𝑖𝑖 ∈ [𝑛𝑛]. In particular, if 𝛼𝛼, 𝛽𝛽 ∈ F, we say 

that 𝛼𝛼 is a reduction of 𝛽𝛽, denoted by 𝛼𝛼 ≤ 𝛽𝛽, 

if 𝒖𝒖 ≤ 𝒗𝒗 for some 𝒖𝒖 ∈ C|𝛽𝛽|(𝛼𝛼) and 𝒗𝒗 ∈ C|𝛽𝛽|(𝛽𝛽) 

(see [3]). 
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The concept of fuzzy sets was originally 

introduced by Zadeh in 1965 as a 

generalization of classical (crisp) sets. While 

membership in crisp sets is binary (0 or 1), 

fuzzy sets allow degrees of membership 

ranging between 0 and 1. This framework has 

been widely applied in mathematics to 

generalize various algebraic structures.                   

In particular, fuzzy ideals in ordered 

semigroups have been studied extensively 

(see [4]). 

In this paper, we introduce the concept 

of fuzzy 𝛼𝛼-ideals in ordered semigroups, as a 

unification and generalization of several 

existing types of fuzzy ideals. We also 

investigate the interrelationships among 

fuzzy 𝛼𝛼-ideals using the reduction relation on 

full words as a central tool. We also 

characterize fuzzy 𝛼𝛼-ideals in ordered 

semigroups through a particular associative 

binary operation. 

2. Preliminaries 

In this section, we review the notions of 

full words, including the reduction relations 

of full words, and ordered semigroups. Some 

fundamental properties of these concepts 

are also provided. For more details, the 

readers can find all the terminologies 

needed in this paper in [1-3, 5-10]. 

Throughout this paper, we denote the set of 

all natural numbers by ℕ, that is, ℕ ≔

{1,2,3,…}. Moreover, for any 𝑛𝑛 ∈ ℕ, the set 

{1,2,3,… , 𝑛𝑛} is denoted by [𝑛𝑛]. 

For any set 𝑋𝑋, we let 𝑋𝑋∗ the free 

monoid over 𝑋𝑋. The neutral element of 𝑋𝑋∗ 

is called the empty word and is denoted by 

𝜀𝜀. The free semigroup over 𝑋𝑋 is denoted by 

𝑋𝑋+, that is, 𝑋𝑋+ = 𝑋𝑋∗ ∖ {𝜀𝜀}. The length of 

any 𝛼𝛼 ∈ 𝑋𝑋∗ is denoted by |𝛼𝛼|, where |𝛼𝛼| = 0 

if 𝛼𝛼 = 𝜀𝜀. The free semigroup over {0,1} is 

denoted by B. We define F ≔ {0,1}∗ ∖

({0}∗ ∪ {1}∗) to be the set of all full words. 

Let 𝐶𝐶 = {0,1} ∪ {𝜀𝜀}. We define a totally 

order ≤𝐶𝐶  to be the set containing all identity 

relations on 𝐶𝐶 including (𝜀𝜀, 0), (𝜀𝜀, 1) and 

(0,1). Then, we obtain a totally ordered set 

𝐂𝐂 ≔ ⟨𝐶𝐶;≤𝐶𝐶⟩. 
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an 𝑛𝑛-tuple (𝛼𝛼1,… , 𝛼𝛼𝑛𝑛) over 𝐶𝐶 is called a 
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𝛼𝛼1 ⋯𝛼𝛼𝑛𝑛, 𝛼𝛼1 ≠ 𝜀𝜀, and, if 𝛼𝛼𝑖𝑖 ≠ 𝜀𝜀, then 𝛼𝛼𝑖𝑖−1 ≠ 1 

for all 1 < 𝑖𝑖 ≤ 𝑛𝑛. The set of all canonical 

tuple of 𝛼𝛼 with length 𝑛𝑛 is denoted by 

C𝑛𝑛(𝛼𝛼). 

Let 𝛼𝛼, 𝛽𝛽 ∈ B and 𝑛𝑛 ≥ max(|𝛼𝛼|, |𝛽𝛽|). 

Suppose that 𝒖𝒖 = (𝑢𝑢1,… , 𝑢𝑢𝑛𝑛) and 𝒗𝒗 =
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It was proved that the set of all full 

words F together with the reduction relation 

≤ forms a partially ordered set. 

Let 𝛼𝛼 ∈ B. For any 𝑛𝑛 ≥ |𝛼𝛼| and 𝒖𝒖 =

(𝑢𝑢1,… , 𝑢𝑢𝑛𝑛) ∈ C𝑛𝑛(𝛼𝛼), we denote 
1𝑛𝑛(𝒖𝒖) ∶= {𝑖𝑖 ∈ [𝑛𝑛] ∶ 𝑢𝑢𝑖𝑖 = 1}. 

When 𝑛𝑛 = |𝛼𝛼| and 𝒖𝒖 ∈ C|𝛼𝛼|(𝛼𝛼), we simply 

write 1(𝛼𝛼) for 1𝑛𝑛(𝒖𝒖). 

An ordered semigroup is a mathematical 

structure ⟨𝑆𝑆; ⋅, ≤⟩ consisting of a nonempty 

set 𝑆𝑆, an associative operation ⋅, and a 

partial order ≤ on 𝑆𝑆 such that ≤ preserves 

the operation ⋅. By the associativity of the 

operation ⋅, we can write any product of 

elements 𝑆𝑆 without using parentheses. For 

any elements 𝑎𝑎1,… , 𝑎𝑎𝑛𝑛 ∈ 𝑆𝑆, we simply write 

the product 𝑎𝑎1 ⋯𝑎𝑎𝑛𝑛 by 𝑎𝑎1
𝑛𝑛. We usually 

denote an ordered semigroup ⟨𝑆𝑆; ⋅, ≤⟩ with 

the boldface 𝐒𝐒 of its underlying set. 

The binary operation ⋅ on an ordered 

semigroup 𝐒𝐒 can be extended as follows: for 

any subsets 𝐴𝐴 and 𝐵𝐵 of 𝑆𝑆, we define 𝐴𝐴𝐴𝐴 =

{𝑎𝑎𝑎𝑎: 𝑎𝑎 ∈ 𝐴𝐴, 𝑏𝑏 ∈ 𝐵𝐵}. We note here that 𝐴𝐴𝐴𝐴 =

 ∅ if 𝐴𝐴 or 𝐵𝐵 is an empty set. Moreover, the 

partial order of 𝐒𝐒 induces the operator (⋅] 

defined by (𝐴𝐴] = {𝑥𝑥 ∈ 𝑆𝑆: 𝑥𝑥 ≤ 𝑎𝑎 for some 𝑎𝑎 ∈

𝐴𝐴} for every subset 𝐴𝐴 of 𝑆𝑆. We also note 

that (∅] = ∅. 

Next, we present some notation used to 

compute the multiplication of our objects of 

interest. 

Let 𝐒𝐒 be an ordered semigroup, and 𝛼𝛼 =

𝛼𝛼1 ⋯𝛼𝛼𝑛𝑛 ∈ B, where |𝛼𝛼| = 𝑛𝑛 for some 𝑛𝑛 ∈ ℕ. 

A mapping 𝛼𝛼 ∶ 𝑆𝑆 → 𝑆𝑆 is defined by 𝛼𝛼(𝐴𝐴) ≔

𝑋𝑋1 ⋯𝑋𝑋𝑛𝑛 for any 𝐴𝐴 ⊆ 𝑆𝑆, where 
 

𝑋𝑋𝑖𝑖 = {𝐴𝐴 if 𝛼𝛼𝑖𝑖 = 1,
𝑆𝑆 if 𝛼𝛼𝑖𝑖 = 0, 

for all 𝑖𝑖 ∈ [𝑛𝑛]. 

The concept of 𝛼𝛼-ideals in ordered 

semigroups is defined as follows. Let 𝐒𝐒 be an 

ordered semigroup, and 𝐴𝐴 a nonempty 

subset of 𝑆𝑆 such that (𝐴𝐴] ⊆ 𝐴𝐴. Then, 𝐴𝐴 is 

said to be an 𝛼𝛼-ideal of 𝐒𝐒 if 𝐴𝐴 is a 

subsemigroup of 𝐒𝐒, that is, 𝐴𝐴𝐴𝐴 ⊆ 𝐴𝐴, and 

𝛼𝛼(𝐴𝐴) ⊆ 𝐴𝐴. By this definition, we can see that 

several ideals in ordered semigroups can be 

viewed as a special case of 𝛼𝛼-ideals. For 

example, an (𝑚𝑚, 𝑛𝑛)-ideal is a 1𝑚𝑚01𝑛𝑛-ideal, 

and an 𝑛𝑛-interior ideal is a 01𝑛𝑛0-ideal. 
Next, we recall the concept of fuzzy sets 

and fuzzy ideals in ordered semigroups. Let 

𝑋𝑋 be a nonempty set. A mapping 𝑓𝑓 ∶ 𝑋𝑋 →

[0,1] is called a fuzzy set of 𝑋𝑋. We denote 

the set of all fuzzy sets of 𝑋𝑋 by F(𝑋𝑋). A 

well-known fuzzy set is the characteristic 

function of 𝐴𝐴 in 𝑋𝑋, and is defined by, for any 

𝐴𝐴 ⊆ 𝑋𝑋, 
 

𝜒𝜒𝐴𝐴(𝑥𝑥) = { 1 if 𝑥𝑥 ∈ 𝐴𝐴,
0  otherwise, 

 

for all 𝑥𝑥 ∈ 𝑋𝑋. For any 𝑢𝑢 ∈ [0,1], can be also 

defined a fuzzy set of 𝑋𝑋 by 𝑢𝑢(𝑥𝑥) = 𝑢𝑢 for all 

𝑥𝑥 ∈ 𝑋𝑋. We define a relation ⊆ on the set 

F(𝑋𝑋) as follows: 𝑓𝑓 ⊆ 𝑔𝑔 if 𝑓𝑓(𝑥𝑥) ≤ 𝑔𝑔(𝑥𝑥) for all 

𝑥𝑥 ∈ 𝑋𝑋. 

The concept of fuzzy sets can be applied 

to ordered semigroups as follows. Let 𝐒𝐒 be 

an ordered semigroup. For 𝑓𝑓 ∈ F(𝐒𝐒), we 
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mean a fuzzy set 𝑓𝑓  of the underlying set of 

𝐒𝐒. For any 𝑥𝑥 ∈ 𝑆𝑆, we define 𝐒𝐒𝑎𝑎 ∶= {(𝑢𝑢, 𝑣𝑣) ∈

𝑆𝑆 × 𝑆𝑆 ∶ 𝑎𝑎 ≤ 𝑢𝑢𝑢𝑢}. We define a binary 

operation ∘ on F(𝐒𝐒) as follows. For any𝑓𝑓, 𝑔𝑔 ∈

𝐹𝐹(𝑆𝑆), 
 

(𝑓𝑓 ∘ 𝑔𝑔)(𝑥𝑥) =
⎩{
⎨
{⎧ ⋁ [𝑓𝑓(𝑢𝑢) ∧ 𝑔𝑔(𝑣𝑣)]

(𝑢𝑢,𝑣𝑣)∈𝑆𝑆𝑥𝑥

 if 𝐒𝐒𝑥𝑥 ≠ ∅,

              0            otherwise,
 

for all 𝑥𝑥 ∈ 𝑆𝑆. We note here that the 

operations ∨ and ∧ are a supremum and an 

infimum, respectively. 

It was proved in [5, 6] that the operation 

∘ defined on F(𝐒𝐒) is associative. Therefore, 

the mapping 𝛼𝛼 defined on 𝑆𝑆 can be 

extended to F(𝐒𝐒) as follows. Let 𝛼𝛼 =

𝛼𝛼1 ⋯𝛼𝛼𝑛𝑛 ∈ B, where |𝛼𝛼| = 𝑛𝑛 for some 𝑛𝑛 ∈ ℕ. 

A mapping 𝛼𝛼 ∶ F(𝐒𝐒) → F(𝐒𝐒) is defined by 

𝛼𝛼(𝑓𝑓) ≔ 𝑓𝑓1 ∘ ⋯ ∘ 𝑓𝑓𝑛𝑛 for any 𝑓𝑓 ∈ F(𝐒𝐒), where 
 

𝑓𝑓𝑖𝑖 = {𝑓𝑓 if 𝛼𝛼𝑖𝑖 = 1,
1 if 𝛼𝛼𝑖𝑖 = 0, 

 

for all 𝑖𝑖 ∈ [𝑛𝑛]. We note that 1 is a fuzzy set of 

𝑆𝑆 assigning any element in 𝑆𝑆 to 1. 

Remark 2.1. Let 𝐒𝐒 be an ordered semigroup, 

𝑥𝑥 ∈ 𝑆𝑆, and 𝛼𝛼 = 𝛼𝛼1 ⋯𝛼𝛼𝑛𝑛 ∈ F, where |𝛼𝛼| = 𝑛𝑛 

for some 𝑛𝑛 ∈ ℕ. We suppose more that that 

𝑓𝑓 ∈ F(𝐒𝐒) and 𝐒𝐒𝑥𝑥 ≠ ∅. Then, there exist 

elements 𝑢𝑢1,… , 𝑢𝑢𝑛𝑛 = 𝑢𝑢𝑛𝑛−1
′ , 𝑢𝑢1

′ ,… , 𝑢𝑢𝑛𝑛−2
′ ∈ 𝑆𝑆 

such that 
 

𝛼𝛼(𝑓𝑓)(𝑥𝑥) 
= ⋁ [𝛼𝛼1(𝑓𝑓)(𝑢𝑢1) ∧ 𝛼𝛼2 ⋯𝛼𝛼𝑛𝑛(𝑓𝑓)(𝑢𝑢1

′ )]
(𝑢𝑢1,𝑢𝑢1

′ )∈𝐒𝐒𝑥𝑥

 

= ⋁
⎣
⎢⎡𝛼𝛼1(𝑓𝑓)(𝑢𝑢1) ∧ ⋁ (𝛼𝛼2(𝑓𝑓)(𝑢𝑢2) ∧ 𝛼𝛼3 ⋯ 𝛼𝛼𝑛𝑛(𝑓𝑓)(𝑢𝑢2

′ ))
(𝑢𝑢2,𝑢𝑢2

′ )∈𝐒𝐒𝑢𝑢1
′ ⎦

⎥⎤
(𝑢𝑢1,𝑢𝑢1

′ )∈𝐒𝐒𝑥𝑥

 

⋮ 

= ⋁ ⋯ ⋁ [⋀ 𝛼𝛼𝑖𝑖

𝑛𝑛

𝑖𝑖=1
(𝑓𝑓)(𝑢𝑢𝑖𝑖)] .

(𝑢𝑢𝑛𝑛−1,𝑢𝑢𝑛𝑛−1
′ )∈𝐒𝐒𝑢𝑢𝑛𝑛−2

′(𝑢𝑢1,𝑢𝑢1
′ )∈𝐒𝐒𝑥𝑥

 

We note that if |𝛼𝛼| = 2, then there exist 

𝑢𝑢1, 𝑢𝑢2 ∈ 𝑆𝑆 such that 
 

𝛼𝛼(𝑓𝑓)(𝑥𝑥) = ⋁ [𝛼𝛼1(𝑓𝑓)(𝑢𝑢1) ∧ 𝛼𝛼2(𝑓𝑓)(𝑢𝑢2)]
(𝑢𝑢1,𝑢𝑢2)∈𝐒𝐒𝑥𝑥

. 

 

As we know, the concept of fuzzy sets is 

a generalization of crisp sets. We can extend 

the concept of the 𝛼𝛼-ideal in ordered 

semigroups as follows. 

Let 𝐒𝐒 be an ordered semigroup and 𝛼𝛼 ∈

F, where |𝛼𝛼| = 𝑛𝑛 for some 𝑛𝑛 ∈ ℕ. We call a 

fuzzy set 𝑓𝑓 of 𝑆𝑆 a fuzzy subsemigroup of 𝐒𝐒 if 

𝑓𝑓(𝑥𝑥𝑥𝑥) ≥ 𝑓𝑓(𝑥𝑥) ∧ 𝑓𝑓(𝑦𝑦) for all 𝑥𝑥, 𝑦𝑦 ∈ 𝑆𝑆. A fuzzy 

subsemigroup 𝑓𝑓 of 𝐒𝐒 such that 𝑥𝑥 ≤ 𝑦𝑦 ⇒

𝑓𝑓(𝑥𝑥) ≥ 𝑓𝑓(𝑦𝑦) is said to be a fuzzy 𝛼𝛼-ideal of 𝐒𝐒 

if 𝑓𝑓(𝑥𝑥1
𝑛𝑛) ≥ ⋀ 𝑓𝑓(𝑥𝑥𝑖𝑖)𝑖𝑖∈1(𝛼𝛼)

 for all 𝑥𝑥1,… , 𝑥𝑥𝑛𝑛 ∈ 𝑆𝑆. 

3. Main Results 

In this section, we illustrate the 

interconnection of fuzzy 𝛼𝛼-ideals in ordered 

semigroups in terms of the reduction relation 

of full words. Moreover, we characterize 

fuzzy 𝛼𝛼-ideals in ordered semigroups using 

the multiplication over the set of all fuzzy 

sets defined on an ordered semigroup. 

The following is an auxiliary result that 

helps examine our theorem. 

Lemma 3.1. Let 𝛼𝛼, 𝛽𝛽 ∈ B such that |𝛽𝛽| = 𝑛𝑛 

for some 𝑛𝑛 ∈ ℕ. If 𝛼𝛼 ≤ 𝛽𝛽, then 1𝑛𝑛(𝒖𝒖) ⊆ 1(𝛽𝛽) 

for some 𝒖𝒖 ∈ C𝑛𝑛(𝛼𝛼). 

Proof. Assume that 𝛼𝛼 ≤ 𝛽𝛽. Then, there exists 

𝒖𝒖 = (𝑢𝑢1,… , 𝑢𝑢𝑛𝑛) ∈ C𝑛𝑛(𝛼𝛼) such that 𝒖𝒖 ≤𝐶𝐶 𝒗𝒗, 

where 𝒗𝒗 = (𝑣𝑣1,… , 𝑣𝑣𝑛𝑛) ∈ C𝑛𝑛(𝛽𝛽). Let 𝑖𝑖 ∈ 1𝑛𝑛(𝒖𝒖). 

Then, 𝑢𝑢𝑖𝑖 = 1. Since 𝒖𝒖 ≤𝐶𝐶 𝒗𝒗, 𝑣𝑣𝑖𝑖 = 1. This 
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implies that 𝑖𝑖 ∈ 1𝑛𝑛(𝒗𝒗) = 1(𝛽𝛽). Therefore, we 

complete the proof.           ∎ 

By the above result, it is not difficult to 

verify that 1𝑛𝑛(𝒖𝒖) ⊆ 1(𝛽𝛽) for all 𝒖𝒖 ≤𝐶𝐶 𝒗𝒗, where 

𝒗𝒗 ∈ C𝑛𝑛(𝛽𝛽). 

Theorem 3.2. Let 𝐒𝐒 be an ordered 

semigroup, 𝛼𝛼, 𝛽𝛽 ∈ F, and 𝑓𝑓 a fuzzy set of 𝑆𝑆. 

Suppose that 𝛼𝛼 ≤ 𝛽𝛽. We have that if 𝑓𝑓 is a 

fuzzy 𝛼𝛼-ideal of 𝐒𝐒, then it is a fuzzy 𝛽𝛽-ideal 

of 𝐒𝐒. 

Proof. Assume that 𝑓𝑓 is a fuzzy 𝛼𝛼-ideal of 𝐒𝐒. 

For the convenience, suppose that |𝛼𝛼| = 𝑚𝑚 

and |𝛽𝛽| = 𝑛𝑛 for some 𝑚𝑚,𝑛𝑛 ∈ ℕ. It is sufficient 

to illustrate that 
 

𝑓𝑓(𝑥𝑥1
𝑛𝑛) ≥ ⋀ 𝑓𝑓(𝑥𝑥𝑖𝑖)

𝑖𝑖∈1(𝛽𝛽)
 

 

for all 𝑥𝑥1,… , 𝑥𝑥𝑛𝑛 ∈ 𝑆𝑆. Let 𝑥𝑥1,… , 𝑥𝑥𝑛𝑛 ∈ 𝑆𝑆. Since 

𝛼𝛼 ≤ 𝛽𝛽, there exists 𝒖𝒖 = (𝑢𝑢1,… , 𝑢𝑢𝑛𝑛) ∈ C𝑛𝑛(𝛼𝛼) 

such that 1𝑛𝑛(𝒖𝒖) ⊆ 1(𝛽𝛽). Suppose that 𝐼𝐼 =

{𝑖𝑖1,… , 𝑖𝑖𝑚𝑚} ⊆ [𝑛𝑛] be the set of all indices 

such that 𝑢𝑢𝑖𝑖 ≠ 𝜀𝜀 for all 𝑖𝑖 ∈ 𝐼𝐼 . By this setting, 

we observe that 𝛼𝛼 = 𝑢𝑢𝑖𝑖1
⋯𝑢𝑢𝑖𝑖𝑚𝑚

. We put 
𝑦𝑦𝑘𝑘 = 𝑥𝑥𝑖𝑖𝑘𝑘

⋯𝑥𝑥𝑖𝑖𝑘𝑘+1−1 
for all 𝑘𝑘 ∈ [𝑚𝑚]. Then, for any 𝑘𝑘 ∈ [𝑚𝑚] such 

that 𝑢𝑢𝑖𝑖𝑘𝑘
= 1, we have that 𝑦𝑦𝑘𝑘 = 𝑥𝑥𝑖𝑖𝑘𝑘

. Thus, 
 

𝑓𝑓(𝑥𝑥1
𝑛𝑛) = 𝑓𝑓(𝑦𝑦1

𝑚𝑚) 
        = ⋀ 𝑓𝑓(𝑦𝑦𝑘𝑘)

𝑘𝑘∈1(𝛼𝛼)
 

        = ⋀ 𝑓𝑓(𝑥𝑥𝑖𝑖𝑘𝑘
)

𝑘𝑘∈1(𝛼𝛼)
 

        = ⋀ 𝑓𝑓(𝑥𝑥𝑖𝑖)
𝑘𝑘∈1𝑛𝑛(𝒖𝒖)

 

        ≥ ⋀ 𝑓𝑓(𝑥𝑥𝑖𝑖)
𝑘𝑘∈1(𝛽𝛽)

 

 

Therefore, 𝑓𝑓  is a fuzzy 𝛽𝛽-ideal of 𝐒𝐒.		 								∎ 

The following theorem characterizes 

fuzzy 𝛼𝛼-ideals in ordered semigroups in terms 

of the operation ∘. 

Lemma 3.3 ([7]). Let 𝐒𝐒 be an ordered 

semigroup and 𝑓𝑓 ∈ F(𝐒𝐒). Then, 𝑓𝑓  is a fuzzy 

subsemigroup of 𝐒𝐒 if and only if 𝑓𝑓 ∘ 𝑓𝑓 ⊆ 𝑓𝑓 . 

The auxiliary result considered in [7] can 

be formulated into the concept of fuzzy 𝛼𝛼-

ideals as follows. 

Proposition 3.4. Let 𝐒𝐒 be an ordered 

semigroup and 𝑓𝑓1,… , 𝑓𝑓𝑛𝑛 ∈ F(𝐒𝐒). Then, we 

have that (𝑓𝑓1 ∘ ⋯ ∘ 𝑓𝑓𝑛𝑛)(𝑥𝑥1
𝑛𝑛) ≥ 𝑓𝑓1(𝑥𝑥1) ∧ ⋯∧

𝑓𝑓𝑛𝑛(𝑥𝑥𝑛𝑛) for all 𝑥𝑥1,… , 𝑥𝑥𝑛𝑛 ∈ 𝑆𝑆. 

Theorem 3.5. Let 𝐒𝐒 be an ordered 

semigroup, 𝑓𝑓 ∈ F(𝐒𝐒), and 𝛼𝛼 = 𝛼𝛼1 ⋯𝛼𝛼𝑛𝑛 ∈ F, 

where |𝛼𝛼| = 𝑛𝑛 for some 𝑛𝑛 ∈ ℕ. Suppose that 

𝑥𝑥 ≤ 𝑦𝑦 ⇒ 𝑓𝑓(𝑥𝑥) ≥ 𝑓𝑓(𝑦𝑦). Then, the following 

statements are equivalent. 

1. 𝑓𝑓  is a fuzzy α-ideal of 𝐒𝐒. 

2. 𝑓𝑓 ∘ 𝑓𝑓 ⊆ 𝑓𝑓 and 𝛼𝛼(𝑓𝑓) ⊆ 𝑓𝑓 . 

Proof. (1) ⇒ (2). Assume that 𝑓𝑓  is a fuzzy α-

ideal of 𝐒𝐒. By Lemma 3.3, we have 𝑓𝑓 ∘ 𝑓𝑓 ⊆ 𝑓𝑓 . 

Let 𝑥𝑥 ∈ 𝑆𝑆. If 𝐒𝐒𝑥𝑥 = ∅, then 𝛼𝛼(𝑓𝑓)(𝑥𝑥) = 0 ≤

𝑓𝑓(𝑥𝑥). Suppose that 𝐒𝐒𝑥𝑥 ≠ ∅. By Remark 2.1, 

there exist 𝑢𝑢1,…𝑢𝑢𝑛𝑛, 𝑢𝑢1
′ ,…𝑢𝑢𝑛𝑛−2

′ ∈ 𝑆𝑆 such that 
 

𝛼𝛼(𝑓𝑓)(𝑥𝑥) 

= ⋁ ⋯ ⋁ [⋀ 𝛼𝛼𝑖𝑖

𝑛𝑛

𝑖𝑖=1
(𝑓𝑓)(𝑢𝑢𝑖𝑖)]

(𝑢𝑢𝑛𝑛−1,𝑢𝑢𝑛𝑛)∈𝐒𝐒𝑢𝑢𝑛𝑛−2
′(𝑢𝑢1,𝑢𝑢1

′ )∈𝐒𝐒𝑥𝑥

 

= ⋁ [ ⋀ 𝑓𝑓(𝑢𝑢𝑖𝑖)
𝑖𝑖∈1(𝛼𝛼)

]
(𝑢𝑢1

𝑛𝑛−1,𝑢𝑢𝑛𝑛)∈𝐒𝐒𝑥𝑥

 

≤ ⋁ 𝑓𝑓(𝑢𝑢1
𝑛𝑛)

(𝑢𝑢1
𝑛𝑛−1,𝑢𝑢𝑛𝑛)∈𝐒𝐒𝑥𝑥

 

≤ 𝑓𝑓(𝑥𝑥). 
 

Therefore, we obtain our claim. 
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(1) ⇒ (2). Assume that 𝑓𝑓 ∘ 𝑓𝑓 ⊆ 𝑓𝑓 and 

𝛼𝛼(𝑓𝑓) ⊆ 𝑓𝑓 . By Proposition 3.4 and 𝑓𝑓 ∘ 𝑓𝑓 ⊆ 𝑓𝑓 , 

we have that 𝑓𝑓  is a fuzzy subsemigroup of 𝐒𝐒. 

Finally, let 𝑥𝑥1,… , 𝑥𝑥𝑛𝑛 ∈ 𝑆𝑆. Then, 
 

𝑓𝑓(𝑥𝑥1
𝑛𝑛) ≥ 𝛼𝛼(𝑓𝑓)(𝑥𝑥1

𝑛𝑛) 

≥ ⋀ 𝛼𝛼𝑖𝑖(𝑓𝑓)(𝑥𝑥𝑖𝑖)
𝑛𝑛

𝑖𝑖=1
 

= ⋀ 𝑓𝑓(𝑥𝑥𝑖𝑖).
𝑖𝑖∈1(𝛼𝛼)

 

 

Thus, we complete the proof.        	∎ 

 

4. Discussion 

This paper introduces the concept of 

fuzzy 𝛼𝛼-ideals in ordered semigroups. This 

notion generalizes several fuzzy ideals, for 

example, fuzzy left (resp., right, bi-, interior, 

(𝑚𝑚, 𝑛𝑛)-, 𝑛𝑛-interior) ideals. We obtain the 

interrelation among fuzzy 𝛼𝛼-ideals under the 

formation of the reduction relation. This 

result illustrates our complete understanding 

of their connections. Moreover, a complete 

characterization of fuzzy 𝛼𝛼-ideals is provided. 

For the future work, the readers may 

consider how fuzzy 𝛼𝛼-ideals share a 

connection to 𝛼𝛼-ideals in ordered 

semigroups. 
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