On fuzzy a-ideals in ordered semigroups
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Abstract

The concept of fuzzy a-ideals in ordered semigroups is introduced as a generalized

concept of several fuzzy ideals. Based on the reduction relations of full words, we provide the

interconnection of among various a-ideals in ordered semigroups. Moreover, a description of

fuzzy a-ideals in ordered semigroups is provided through an associative binary operation

defined on the set of all fuzzy sets.

Keywords: ordered semigroup; fuzzy ideal; fuzzy a-ideal

1. Introduction
The concept of ordered
semigroups forms an associative structure
that has been extensively studied in recent
years. A fundamental tool used in the
investigation of ordered semigroups is the
concept of ideals, of which several types
have been introduced to explore structural
properties.

One significant generalization of ideals in
ordered semigroups is the concept of a-

ideals, first introduced by Towwun and

Changphas in 2013. They provided a

comprehensive description of the
fundamental properties of a-ideals in this
context (see [1]). Subsequently, in 2022,
Tiprachot et al. characterized various
regularity conditions in ordered semigroups
using the framework of a-ideals. In the same
study, the interconnections among a-ideals
were also examined (see [2]). In 2025,
Lekkoksung generalized a-ideals to the

notion of partition ideal elements. This
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notion can illustrate the complexity of the
connections of several a-ideals (see [3]).

The concept of fuzzy sets was originally
introduced by Zadeh in 1965 as a
generalization of classical (crisp) sets. While
membership in crisp sets is binary (0 or 1),
fuzzy sets allow degrees of membership
ranging between 0 and 1. This framework has
been widely applied in mathematics to
various structures.

generalize algebraic

In particular, fuzzy ideals in  ordered
semigroups have been studied extensively
(see [4]).

In this paper, we introduce the concept
of fuzzy a-ideals in ordered semigroups, as a
unification and generalization of several
existing types of fuzzy ideals. We also
investicate the interrelationships among
fuzzy a-ideals using the reduction relation on
full wordsas a central tool. We also
characterize  fuzzy a-idealsin  ordered
semigroups through a particular associative
binary operation.

2. Preliminaries

In this section, we review the notions of
full words, including the reduction relations
of full words, and ordered semigroups. Some
fundamental properties of these concepts
are also provided. For more details, the
readers can find all the terminologies

needed in this paper in [1-3, 5-10].
Throughout this paper, we denote the set of

all. natural numbers by N, that is, N:=

{1,2,3, ... }. Moreover, for any n € N, the set
{1,2,3,...,n} is denoted by [n].

For any set X, we let X* the free
monoid over X. The neutral element of X*
is called the empty word and is denoted by
e. The free semigroup over X is denoted by
X*, that is, X = X*\{e}. The length of
any a € X* is denoted by |a|, where |a| =0
if aa=¢. The free semigroup over {0,1} is
denoted by B. We define F:={0,1}*\
({0} U {1}*) to be the set of all full words.

Let C' = {0,1} U{e}. We define a totally
order <. to be the set containing all identity
relations on C including (g,0),(g,1) and
(0,1). Then, we obtain a totally ordered set
C:=(C;<p).

For any a € B, and n € N with n > |a|,
an n-tuple (ay,...,qa,) over C is called a
canonical tuple of « with length n if o=
oy, ap £¢,and, if a; £ ¢, then o, #1
for all 1 <¢<n. The set of all canonical
tuple of a with length n is denoted by
C,(a).

Let a,€B and n>max(|al,|f]).
Suppose that w = (uy,...,u,) and wv=
(vq,...,v,) be a canonical tuple of a and 3
with length n, respectively. We say that wis a
reduction of v, denoted by u < v if u; <, v,
for all 4 € [n]. In particular, if a, 8 € F, we say
that a is a reduction of 3, denoted by a < S,
if u < for some u € Cg(a) and v € Cg(B)

(see [3)).
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It was proved that the set of all full
words F together with the reduction relation
< forms a partially ordered set.

Let a«€B. For any n>|a| and u=

,u,) € C, (), we denote
Ly(u):={ic[n]:u; =1}
When n=la| and u € Cj,(a), we simply

(U, ...

write 1(«) for 1,,(u).

An ordered semigroup is a mathematical
structure (S; -, <) consisting of a nonempty
set S, an associative operation -, and a
partial order < on S such that < preserves
the operation -. By the associativity of the
operation -, we can write any product of
elements S without using parentheses. For
any elements aq,...,a, € S, we simply write

the product ay--a, by af. We usually
denote an ordered semigroup (S; -, <) with
the boldface S of its underlying set.

The binary operation - on an ordered
semigroup S can be extended as follows: for
any subsets A and B of S, we define AB =
{ab:a € A,b € B}. We note here that AB =
¢ if A or Bis an empty set. Moreover, the
partial order of S induces the operator (-]
defined by (A] = {z € S:z < a for some a €
A} for every subset A of S. We also note
that (0] = 0.

Next, we present some notation used to
compute the multiplication of our objects of
interest.

Let S be an ordered semigroup, and a =

o, - a, € B, where |a| =n for some n e N.

A mapping @: S — S is defined by a(A) :=
X, X, forany A C S, where
x={sim o
forall i € [n].

The concept of a-ideals in ordered
semigroups is defined as follows. Let S be an
ordered semigroup, and A a nonempty
subset of S such that (A] C A. Then, A is
said to be an a-ideal of S if Ais a
subsemigroup of S, that is, AAC A, and
a(A) C A. By this definition, we can see that
several ideals in ordered semigroups can be
viewed as a special case of a-ideals. For
example, an (m,n)-ideal is a 1™01"-ideal,
and an n-interior ideal is a 01™0-ideal.

Next, we recall the concept of fuzzy sets
and fuzzy ideals in ordered semigroups. Let
X be a nonempty set. A mapping f: X —
[0,1] is called a fuzzy set of X. We denote
the set of all fuzzy sets of X by F(X). A
well-known fuzzy set is the characteristic
function of Ain X, and is defined by, for any
ACX,

lif x € A,

Xalz) = 0 otherwise,

for all z € X. For any w € [0,1], can be also
defined a fuzzy set of X by u(z) = for all
x € X. We define a relation C on the set
F(X) as follows: f C g if f(z) < g(x) for all
x e X.

The concept of fuzzy sets can be applied
to ordered semigroups as follows. Let S be

an ordered semigroup. For f e F(S), we
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mean a fuzzy set f of the underlying set of
S. For any z € S, we define S, :={(u,v) €
SxS:a<uv}. We define a binary
operation o on F(S) as follows. For anyf,g €
(),

() A g(w)] S, %0,
(fo9)(@) = { L P

0 otherwise,
for all x€S. We note here that the

operations V and A are a supremum and an
infimum, respectively.

It was proved in [5, 6] that the operation
o defined on F(S) is associative. Therefore,
the mapping @ defined on S can be
extended to F(S) as follows. Let a=
o - a, € B, where |a| =n for some n € N.
A mapping @: F(S) — F(S) is defined by
a(f):= fio-of, forany f € F(S), where

[ fifa, =1,
fi_{lifaiz(),

for all i € [n]. We note that 1is a fuzzy set of
S assigning any element in Sto 1.

Remark 2.1. Let S be an ordered semigroup,
zeS, and a=aq--q, €F, where |o|=n
for some n € N. We suppose more that that

feF(S) and S, #0. Then, there exist

elements  uy,...,u, =u,_1,u},...,u, o €8

such that

a(f)(x)

=/ [@(N)u) Aagan(f)(uh)]
(ulvu/l)esz

=V {%(f)(u])A \V (%(f)(?tz)Aag"'%(f)(ﬂé))}
(uy,u)eS, (uz,u'z)FS“;

(ul 7“‘/1)6S:t (un—hufn—l)esu/
n—2

[A a—i<f><ui>] .

We note that if |a] =2, then there exist

Uy, Uy € S such that

alf)@) = \/

(ug,up)€S,

[ (f)(ur) A (f) (us)].

As we know, the concept of fuzzy sets is
a generalization of crisp sets. We can extend
the concept of the a-ideal in ordered
semigroups as follows.

Let S be an ordered semigroup and « €
F, where |a| =n for some n € N. We call a
fuzzy set f of S a fuzzy subsemigroup of S if
flzy) > f(x) A fy) for all z,y € S. A fuzzy
subsemigroup f of S such that z<y=
f(x) > f(y) is said to be a fuzzy a-ideal of S
if f(z})> /\iel(a)‘f(mi) forall zy,...,z, € S.

3. Main Results

In this section, we illustrate the
interconnection of fuzzy a-ideals in ordered
semigroups in terms of the reduction relation
of full words. Moreover, we characterize
fuzzy a-ideals in ordered semigroups using
the multiplication over the set of all fuzzy
sets defined on an ordered semigroup.

The following is an auxiliary result that
helps examine our theorem.
Lemma 3.1. Let «,5 € B such that |5] =n
for some n e N. If « < g, then 1,(u) C 1(B)
for some u € C,, ().
Proof. Assume that a < 3. Then, there exists
,u,) € C,(a) such that u <, w,
,v,) € C,(B). Leti e 1,(u).

u = (ug,..
where v = (vy, ...

Then, u;,=1. Since u< v, v,=1. This
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implies that ¢ € 1,,(v) = 1(5). Therefore, we
complete the proof. |
By the above result, it is not difficult to
verify that 1,,(u) C
veC,(f).
Theorem 3.2.

1(B) for all u < v, where
Let S be an ordered
semigroup, «, 8 € F, and f a fuzzy set of S.
Suppose that o < 8. We have that if f is a
fuzzy a-ideal of S, then it is a fuzzy S-ideal
of S.
Proof. Assume that f is a fuzzy a-ideal of S.
For the convenience, suppose that |a| =
and |3| = n for some m,n € N. It is sufficient
to illustrate that

fa) = N\ fl)

i€l(f)

forall zy,...,x,, € S. Let 2y,...,x,, € S. Since

a < 3, there exists u = (uq,...,u,) € C, ()
such that 1,(uw) C 1(B).
{iy, ..

such that u, # ¢ for all i € I. By this setting,

Suppose that I =

vimt € [n] be the set of all indices

we observe that a = u; - u;

tm

. We put

Y = Tip, Ty 1

for all k € [m]. Then, for any k € [m] such

that u;, =1, we have that y, =z, . Thus,

far) = fyr)
= /\ f(Ye)

kel(a

:/\f%

kel(a

:/\f

kel,,

/\f

kel(B

\

Therefore, fis a fuzzy S-ideal of S. [ |

The following theorem characterizes
fuzzy a-ideals in ordered semigroups in terms
of the operation o.

([7].
semigroup and f € F(S). Then, fis a fuzzy

Lemma 3.3 Let S be an ordered

subsemigroup of Sif and only if fo f C f.
The auxiliary result considered in [7] can

be formulated into the concept of fuzzy a-

ideals as follows.

Proposition 3.4. Let S be an ordered

semigroup and fy,..., f, € F(S). Then, we

have that (fjo--of)(a]) > fi(zy) AN
folz,)forall z,,...,z, € 8S.

Theorem 3.5. lLet S be an ordered
semigroup, f € F(S), and a=a,a, €F,

where |a| =n for some n € N. Suppose that

r<y= f(z) > f(y)

statements are equivalent.

Then, the following

1. fis a fuzzy a-ideal of S.

2. fofC fanda(f)C f.
Proof. (1) = (2). Assume that fis a fuzzy a-
ideal of S. By Lemma 3.3, we have fo f C f.
If S, =0, then @(f)(z)=0<
f(x). Suppose that S, # 0. By Remark 2.1,

Let x € S.

there exist uy, ... u,, u},...u, o € Ssuch that

a(f)(x)

(ug,uf)€Sy (U 1,un)ES,/

=\ [ N fu ]
(ul™ 1,un)€S$

i€l(a

<\ f(u?)

[Z\la_i(f)(ui)]

Therefore, we obtain our claim.
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(1) = (2). Assume that fofC f and
a(f) C f. By Proposition 3.4 and fo f C f,
we have that fis a fuzzy subsemigroup of S.

Finally, let z4,...,z, € S. Then,

Thus, we complete the proof. |

4. Discussion

This paper introduces the concept of
fuzzy a-ideals in ordered semigroups. This
notion generalizes several fuzzy ideals, for
example, fuzzy left (resp., right, bi-, interior,
(m,n)-, n-interior) ideals. We obtain the
interrelation among fuzzy a-ideals under the
formation of the reduction relation. This
result illustrates our complete understanding
of their connections. Moreover, a complete
characterization of fuzzy a-ideals is provided.
For the future work, the readers may
share a

consider how fuzzy a-ideals

connection to  a-ideals in  ordered
semigroups.

5. Acknowledgement

The authors would like to thank the
anonymous reviewers for their comments,
which helped us improve the manuscript.
The corresponding authors would like to
thank  the

Faculty of  Engineering,

Rajamangala University of Technology Isan,

Khon Kaen Campus, for providing partial
financial support for the project.

6. References

[1] Towwun, P. and Changphas, T. (2013).
On complete a-ideals in ordered semigroups,
International Journal of Pure and Applied
Mathematics, vol. 86(3), pp. 465-470.

[2] Tiprachot, N., Lekkoksung, N. and
Pibaljommee, B. (2022). On regularities of
ordered semigroups, Asian-European Journal
of Mathematics, vol. 15(12), pp. 2250207.

[3] Lekkoksung, N. (2025). On a reduction
of full words and its applications to ideal

elements in le-semigroups, Asian-European

Journal  of  Mathematics, in press,
DOI:10.1142/51793557125500925.
[4] Zadeh, L. A (1965). Fuzzy

sets. Information and control, vol. 8(3), pp.
338-353.

[5] Kehayopulu, N. and Tsingelis, M.
(2003). The embedding of an ordered
groupoid into a poe-groupoid in terms of
fuzzy sets, Information Sciences, vol. 152, pp.
231-236.

[6] Kehayopulu, N. and Tsingelis, M.
(2007). Fuzzy ideals on ordered semigroups,
Quasigroups and Related Systems, vol. 15(2),
pp. 279-289.

[7] Dawvaz, B., Chinram, R., Lekkoksung, S.
and Lekkoksung, N. (2023). Characterizations
of generalized fuzzy ideals in ordered
semigroups, Journal of Intelligent & Fuzzy

Systems, vol. 45(2), pp.2367-2380.

ACUIAONSSUMANS UNs.danu Sneniumuoulinu

1& ‘ w\.fEl‘? NSANSIAONSSUAMANSIA:MSIVLIBOUINNGSY



[8] Jun, Y. B, Tinpun, K. and Lekkoksung,
N. (2024). Exploring regularities of ordered
semigroups  through  generalized  fuzzy
ideals, International Journal of Fuzzy Logic
and Intelligent Systems, vol. 24(2), pp. 141-
152.

[9] Lekkoksung, S., Dawaz, B. and
Lekkoksung, N. (2024). An Application of
generalized  fuzzy ideals in  ordered
semigroups, European Journal of Pure and
Applied Mathematics, vol. 17(4), pp. 2962-
2984.

[10] Xie, X. Y. and Tang, J. (2010). Regular
ordered semigroups and intra-regular ordered
semigroups in terms of fuzzy subsets, franian
Journal of Fuzzy Systems, vol. 7(2), pp. 121-
140.

e AURDAONSSUAMEANS UNS.8anu Sneniumuouninu

\EEI;“ 018aSIFAINSSUMARNSIA:MSIVENBOUINNSSU
* 8 !



