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Abstract

If one examines a situation where globally idempotent ordered semigroups contain

maximal one-sided ideals, numerous instances of semisimple ordered semigroups can be

identified. In this paper, we find some sufficient conditions for a globally idempotent ordered

semigroups to be semisimple ordered semigroups.
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1. Introduction

The study of semigroups whose ideals
are representable as a product or an
intersection of prime or maximal ideals has
interested Dorofeeva, Grillet, Mennepalli,
Petrich, Szssz and Satyanarayana. It s
observed that semisimple semigroups can
easily be characterized as those semigroups
whose ideals are intersections of prime
ideals. ~ Among  globally  idempotent
semigroups containing maximal one-sided
ideals one, one can find many examples of
semisimple semigroups. In (1],
finds

conditions for a

Satyanarayana some  sufficient

globally idempotent
semigroups to be semisimple semigroups. In
this paper, the results are a generalization

of Satyanarayana in [1].

2. Preliminaries

A semigroup (S,-) together with a
partial order < that is compatible with

the semigroup operation, meaning that for
any x,y,zin S, x <y implies zx < zy
and xz <yz, is called a partially ordered
semigroup, or simply an ordered semigroup.
Under the trivial relation, x <y if and
only if x =1y, it is observed that every
semigroup is an ordered semigroup.

Let (S,+, <) be an ordered semigroup.
For two nonempty subsets A, B of S, we
write AB for the set of all elements xy
in S where x € A and y € B, and write

(A] for the set of all elements x in S

such that x <a for some a in A, ie,

x<a ElaEA}.

(A]Z{XES
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In particular, we write Ax for A{x}, and
xA for {x}A. It was shown in [2] that
the following hold:
(1) A (AT and (A1l =(A];
(2) A B—=(A]C (BI];
(3) ((AIBII=(AMBII=(A]BI]

= (ABI;
(@) (AI(B] = (ABI;
(5) (AIBC (AB] and A(B]C (ABI;
(6) If {Ak }kEK is a family of nonempty

subsets of S, then
(UkEK A 1= UkEK (A, land
(YN T==] ) VNS

Let (S,+, <) be an ordered semigroup.

A non-empty subset A of S is called a
left (resp., right) ideal of S if it satisfies the
following conditions:

() SA C A (resp., ASC A);

(il (A]=A, thatis, for any x in A and
yin'S, y<x implies y € A.

If A is both a left and a right ideal of S,
then A
simply an ideal of S. It is known that the

is called a two-sided ideal, or

union or intersection of two ideals of S is
an ideal of S.

An element a of an ordered semigroup
(S,-, =), the principal

left(resp., right,

two-sided) ideal generated by a is of the

L(a) =(a\USa]

R(a) =(a\UaS],

I(a) = (a\UJSallaS\ U SaS)).
Let (S,+, <) be an ordered semigroup.

form (resp.,

A left ideal A of S is said to be proper if
A CS. A proper right and two-sided
ideals are defined similarly. S is said to be

left (resp., richt) simple if S does not

2]

contain proper left (resp., right) ideals. S is
said to be simple if S does not contain
proper ideals.

Let (S,+, <) be an ordered semigroup.

A subsemigroup T of S is called left
simple(resp. right simple) if T is the only
left ideal(resp. right ideal) of T; it is called
simple if it is the only ideal of T. A
subsemigroup T of S is left simple if and
only if (Tal, =T forevery a&T. T is
right simple if and only if (aT]. =T for
every a&€T, T is
(TaT], =T forevery a&T.

simple if and only if

Let (S,+,=<) be an ordered semigroup.

> 5

A proper left (resp., right) ideal A of S s
said to be maximal left(resp., maximal
right) if for any left (resp., right) ideal B of
S, if ACBCS, then B=S. A proper
ideal A of S is said to be maximal if for
any ideal Bof S, if ACBCS, then
B =S.

Let (S,-, <) be an ordered semigroup.
An ideal T of S is said to be prime if for

any ideals A,B of S, ABCZI implies

ACI or BCI Anideal I of S is

said to be completely prime if for any

a,besS, ab&l implies a&€l or
b&Il. An ideal T of S is said to be
semiprime if for any ideal A of S,

A’ 1 implies ACZI. An ideal T of
S is said to be completely semiprime if for
any a €S, a €1 for any positive integer
a€l (see [3]).
semigroup (S,-, <) is called a globally

n implies An ordered

idempotent if S = (s°1.
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Let (S,-,<) be an ordered semigroup.

> 5

The intersection of all ideals of S, if it is
nonempty, is called a kernel of S, and it
will be denoted by K (S). The intersection
of all prime ideals of S will be denoted by
Q*. The intersection of all maximal left
ideals of S will be denoted by L. And
the intersection of all maximal right ideals
of S will be denoted by R .

An ideal A of an ordered semigroup
(S,-,=), the intersection of all prime

ideals of S containing A, will be denoted
by Q (A).
An element a of an ordered semigroup

(S, -, =) is called a semisimple element in

S if a&(SaSaS]. And S is said to be
semisimple if every element of S is
semisimple (see [3]).

An element a of an ordered semigroup

(S,-,<) is said to be left regular (resp.,

richt regular, regular, intra-regular) if there
exists x.y in S such that a < xa’ (resp.,
aSazx, a<axa, anaZy) (see [3)).
It is observed that left regular elements,
richt regular elements, regular elements,
and intra-regular  elements are  all
semisimple.

An element e of an ordered semigroup

(S,-,=) is called an identity element of

S if ex=x=xe for any x €S. The
zero element of S, defined by Birkhoff, is
an element 0 of S such that 0 <x and
O0x =0=x0 forall x €S. S is said to
be 0 -simple if s #{0} and {0} is
the only proper ideal of S (see [4]).
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Let (S,-,=<.)

S

and (T,*,=<.) be

ordered semigroups, f:S —> T a mapping
from S into T. The mapping f is called
X, yES, x Ss y
f(x) =, f(y) and
X,y €S, f(x) =, f(y) implies x < y.

isotone if implies

reverse isotone if

The mapping f is called a homomorphism
if it is
fxy) =f(x)*f(y) for all

satisfies
X,y €S.

isotone and

The mapping f is called a isomorphism if it
is reverse isotone onto homomorphism. The
ordered semigroups S and T are called
if there

exists an isomorphism between them.

isomorphic, in symbols S=T

An ordered semigroup V is called an
ideal extension (or just an extension) of an
ordered semigroup S by an ordered
semigroup Q, if Q has
sN@Q\{ohH =, and there exists an
ideal Kof WVsuch that K =Sand
V/KZ=Q (see [5]).

Let (S,-,<) be an ordered semigroup

a zero O,

and K an ideal of S. S/ K is called the

Rees quotient ordered semigroup  of
S, where 0 is an arbitrary element of K.
It is observed that
KNS/ K\{0}1=D, K=K and
S/K =S /K under the identity mapping
and so Sis an ideal extension of K by

S/K.

3. Main results
We begin this section with the following

lemma.

0



Lemma 3.1 [6] Let (S,-,<) be an

ordered semigroup. The following
statements are equivalent:

(1) S is semisimple;

2) (A’1=A for any ideal A of S;

(3) AMB=(AB] for any ideal A,B of
S;

(@) 1@)MI(b) =UI)I(b)] for any
a,.b&es;

(5) (I(a)2 1=1(a) forany a €S.

Lemma 3.2 [6] Let (S,-,<) be an

ordered semigroup. Then S is semisimple

if and only if every ideal of S is semiprime.

Lemma 3.3 [6] Let (S,-,<) be an

ordered semigroup and A an ideal of S.

Then A is semiprime if and only if

QA =A.
Proposition 3.4 let (S,-,<) be an
ordered semigroup. The following

statements are equivalent:

(1) Every proper ideal of S is an
intersection of prime ideals of S;

2 (A°1=A for any ideal A of S;

(3) AMB=(AB] for any ideal
A.B of S;

(4) 1) MI(b) =U)I(b)] for any
a,.bes;

(5) (@)’ 1=1(a) forany a ES;

(6) Sis semisimple.
Proof. We have (2) to (6) are equivalent
by Lemma 3.1.
(1)) —>(2). Let A be an ideal of S.

Then (A2 1=mMQ,, where each Q,

4

is prime ideal of S. We have
A’ - (A2 1=mM.Q,, for all i. This
implies A CQ, for all i. Thus
ACMQ =(A"] andso (A" ]1=A.

(6) —>(1). Let A be proper ideal of S.

Since S is semisimple, we have A s

semiprime by Lemma 3.2. Thus
Q (A)=A by Lemma 3.3.
Proposition 3.5 Let (S.-.<) be an

ordered semigroup. Then every right ideal
of S is an intersection of prime ideals of S
if and only if every right ideal of S is two-
sided and for every a €S, a & (aSaS].

Proof. Assume that every right ideal of S s
an intersection of prime ideals of S. Let
A be a right ideal of S. Then
A =M. Q,, where each Q, is prime ideal
of S.We have SA=S(MQ)CM.Q =A.
Thus A is a two-sided ideal of S. Let
a € S.Then a & (SaSaS]C (aSaS] by
Proposition 3.4. The converse is evident

from Proposition 3.4.

It is easy to see the following proposition:

Proposition 3.6 Let (S,-,<) be an

ordered semigroup. Then every right ideal
of S is prime if and only if
(RR(Y)]=R(x) or (RX)R(y)]=R(y)
for every x,y €S.

Similarly, we prove the following:

Proposition 3.7 Let (S.-,<) be an

ordered semigroup. Then every ideal of S
is prime if and only if (I(x)I(y)] =1(x) or
A IY)]=1(y) forevery x,y €S.

:fElq 01Sa81SIAINSSUMANSIA:MSIVEIBOUINNGSU
e ANUIDAONSSUAEANS UNS.8au Shenivmuoulinu



(S,-,<) be a left

5 5 =

Lemma 3.8 Let

cancellative ordered semigroup. If Sis a
right simple, then S is regular.
Proof. Let a€&S.

simple, a <<ax for some x €S. We have

Since S is a right

a- <axa. Since S is a left cancellative,
x &€ (aS],
y €S. It follows that

a<xa. Since x Zay for
some

a<xa<aya€aSa. Thus S is regular.

Theorem 3.9 Let (S,:,<) be an ordered

semigroup in which every right ideal of S s
intersection prime ideals of S. Then S s
completely regular if S is a left
cancellative and left simple.

Proof. Let aES. Then
a € (aSaS]=(aS(aS]] = (a’S] by Proposition
35, Thus S is right regular.

a € (aSaS]C (aS] Then

We have
a<ax for
some x €S. It follows that a’ < axa.
Since S is a left cancellative, a < xa.
Since S is left simple, x <ya for some
yES. Thus a<xa<ya” €Sa’, that
is, S is left regular. Now we claim that S is
right simple. If Sis not right simple. Then S
has a unique maximal right ideal M, which
is the union of all proper right ideals of S.
Llet mEM and sE€S.Then m <mymz
for some y,z &S by Proposition 3.5. We
have ms < mymzs. Since S is a left
cancellative, s < ymzs €ESMS C M. It
follows that S =M This is a contradiction.
Thus Sright simple. We have S is regular
by Lemma 3.8. Thus S

regular.

is completely
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Proposition 3.10 If (S, -, <) is an ordered

semigroup with S=(S2 1, then every
maximal ideal of S is prime.

Proof. Let M be a maximal ideal of S.
Denote S\M =P.We claim that Pg(Pz].
Since M is a maximal, S=—=M U P.
We have S=(S’1=(MUP)’ I MUP’].
Thus Pg(PZ]. Let A,B be an ideal of
S such that ABCM. If M is not

prime.  Since M is a maximal,
S=MUA and S=MUB. Then
PCA and PCB. It follows that
PC (P 1 (AB]IC M. This is a

contradiction. Thus ™M is prime.

Definition 3.11 An ordered
(S,.=)

semigroup

is called intersective if every

proper ideal of S is an intersection of
maximal ideals of S.A 0 -simple ordered
a trivial

semigroup is example of an

intersective ordered semigroup.

It is easy to see the following proposition:
Proposition 3.12 Let (S,-,<) be an

> 5 —

intersective ordered semigroup. Then S s

semisimple if and only if S = (82 1.

Remark 3.13 Every semisimple ordered
semigroups in which proper prime ideals are
maximal, are intersective.

Proposition 3.14 If (S,-,<)is intersective

semisimple ordered semigroup, then every
proper prime ideal of S is maximal.

Proof. Let A be a proper prime ideal of
S. Since S is intersective, A =\ M_,
where each M. is maximal ideal of S.

Since S is semisimple, we have

o



A=f\iMi=(MlM2---Mi]. Since A s
prime, M, CA for some OL. Thus

A=M,.

Lemma 3.15 Let (S,-,<) be a globally

idempotent ordered semigroup containing
maximal right ideals. If R =3, then for
any a €S, a & (aSaS] or there exists a
maximal right ideal M of S not containing
a such that

(1) (SM]=Ss;

(2) S=mMM"1U(aS] for  every
positive integer n and
(3) s=M_ U(aS], where

M =M M
Proof. Let a &€ S. Since R =, there
exists a maximal right ideal ™M not
containing a.Then S=M\UJ(a\UaS].
We have

S=(s"1=((M\U(a\JaS])S]
MU (aS].

Thus S=MU(@S]. This
S=(SM]UJ(SaS]. If a¢& (SM], then
X,y €S.
a&& M, we have x & M. It follows that
x Zaz for z € S. Thus
a<xay <azay €aSaS. If a € (SM],
then S =(SM]. We have
S=(SM]=((M\J(aSDHM]

=M U SMII =M 1\ (aS]
and
S=MU@SD MM 1\ (@S]

= (MMM DU (aS].
Proceeding in the
S=mM" 1U(aS] for
intecern and S=— M7 U (aS].

o

implies

a<xay for some Since

some

way we obtain

every positive

Theorem 3.16 Let (S,-, <) be a globally

idempotent ordered semigroup containing
maximal right ideals. If R =, then S
is semisimple if one of the following
conditions is satisfied:
(1) S# (SM] for every maximal right
ideal M of S;
2) SEM"1U(as]  for
maximal right ideal M of S not

every

containing a;
3) M = for every maximal right

ideal M of S.
Proof. If S satisfies the following conditions
(1) and (2), then S is semisimple follow
from Lemma 3.15. Let S satisfies the
following condition (3) and a &€ S.Then
a € (aSaS] or there exists a maximal right
ideal M of Snot containing a such that
S=M" U(@S] by Lemma 3.15. If
a & (aSaS], then obviously S is
semisimple. If there exists a maximal right
ideal M not containing asuch that
s=m" U(aS]. Then S=(aS]. We have
S=(aS]=(a'SI=(a'S]

C (SaSaS].

Thus S is semisimple.

Theorem 3.17 Let (S, -, <) be a globally

idempotent ordered semigroup containing
maximal right ideals. If R =(J, then S
is regular if either one of the following
conditions is satisfied:
(1) L =& and S contains maximal
left ideals;
(2) S is left simple.
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Proof. Let a & S. Since R =D, there
exists a maximal right ideal M of S not
containing a. Then S=M U (a\U aS].
We have

S=(S"1=((M\U(a\JaS]S]

MU (aS].

Thus S=M U (aS]. Similarly, if L =&
and S contains maximal left ideals, then
there exists a maximal left ideal N of S
not containing a such that S=N\UJ(aS].
It follows that a € (aS] and a € (Sal.
This implies (aS]=S =(Sa]. Thus
a & (aS]—=(a(Sal]] =(aSa] and so S is
regular. In the second case if S is left
Then S=(Sa]. Since a¢&M,
a € (aS]. This implies S is regular.

simple.

Theorem 3.17 Let (S,-.<) be a

semisimple ordered semigroup containing
maximal right and left ideals. If every prime
ideal of S is a maximal right ideal as well
as a maximal left ideal, then S is an ideal
extension of a simple subsemigroup by a
regular ordered semigroup.

Proof. Let x € L UR .

If x&K(S). Since S is
K(S)ZQ*. by Theorem 2.8 in [3]. Then
there exists prime ideal of S not containing
x. We x&ZL UR by the
hypothesis. This is a contradiction. Thus
L UR CK(S). Let x ES/K(S). If
x & K(S),then x %L* MR . Since S

is semisimple, S = (S2 1. It follows that x

semisimple,

have

is regular as above. We have K(S) is a
simple subsemigroup by Lemma 3.2 in [7].
Clearly S is an ideal extension of K(S) by
S/ K(S). This complete the proof.
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